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1 References

Main References used for these notes

This presentation is based mainly on the following courses and textbooks: [1], [2], [3], [4]
and [5]. Lecture notes are freely available at the web sites listed below.

1. Carsten Scherer: “LMIs in Controller Analysis and Synthesis”. Lecture notes available at
http://www.dcsc.tudelft.nl/~cscherer/1mi.html

2. Mauricio C. de Oliveira: Lecture notes available at
http://www.dt.fee.unicamp.br/~mauricio/courses/ia360.html

3. Didier Henrion: “Course on LMI optimization with applications in control”. Lecture notes
available at
http://www.laas. fr/~henrion/courses/1mi08/

4. Stephen Boyd, Laurent El Ghaoui, Eric Feron, & Venkataramanan Balakrishnan, “Linear
Matrix Inequalities in System and Control Theory”, SIAM Studies in Applied Mathematics,
Philadelphia, PA, 1994. Book available at
http://www.stanford.edu/~boyd/lmibook

Section 9 (“Guaranteed Cost Control (GCC) of Uncertain Discrete Time Systems with State and
Input Delays”), is primarily based on [6] ( L. Yu and F. Gao “Optimal guaranteed cost control of
discrete-time, uncertain systems with both state and input delays”, Journal of the Franklin Institute,
vol. 338, 2001, p.101-110 ).

Section 12 is primarily based on [7] ( X. Guan, Z. Lin and G. Duan “Robust guaranteed cost
control for discrete-time, uncertain systems with delay”, IEE Proc.-Control Theory Appl., vol. 146,
November 1999, p.598-602 ).
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2 Mathematical Background

2.1 SVD

The following are standard properties for the singular values of any matrices (X and Y of appropriate
dimensions):

Onax(X +7Y) < opax(X) + omax(Y) (D
Onax(XY) < 0 max(X)omax (Y) ()

(the “triangle inequality” and “Schwarz inequality” respectively).

Lemma 1 For any two symmetric and positive—definite matrices X, Y the following relation can be
proved

a—max(X) < O-min(Y) =>X<Y. (3)

Sketch of Proof: It is known that every symmetric positive—definite (?? and “simple”??) matrix
X can always be decomposed as X = UAUT with U being a unitary matrix (UU” = I) and A a
diagonal matrix with the eigenvalues as diagonal elements. Since X is also assumed symmetric we
have XT = X = UAUT and hence XXT = UAUTUAUT = UA*UT. Now...

...since o (X) 2 [/l(XXT)]% we conclude that for symmetric positive—definite matrices the set of
its singular values coincides with the set of its strictly positive eigenvalues. On the other hand
every positive—definite matrix X satisfies Raleigh’s inequality (see (4)) Amin(X) ||x||2 < xTXx <
Amax(X) [Ix]>. The quadratic x” (X — Y)x can now be bounded as follows: x” (X — Y)x = x” (X)x —
X Wx < AnaxX) X = Anin N X = Anax (X = Amin WD X = (0 max(X) = Tin (V) 121 < 0,
where the last inequality follows from the assumption o (X) < omin(Y) and the proved equality
between the singular values and the (strictly positive) eigenvalues of SPD matrices. Hence, by defi-
nition, X < Y.

2.2 Properties of Real Symmetric (Hermitian) matrices

“Hermitian” matrices correspond to “Real Symmetric” when elements are real numbers.

o LetAf = AT, x = xT,i.e. complex conjugate transpose. Matrix A is Hermitian if A = A¥ &
x" Ax is real for all x € C".

e Hermitian matrix D (i.e. D = D) is positive definite if x Dx > 0 for all x # 0.

e For Hermitian D, its eigenvalues are real. Furthermore if D is real (“real symmetric”) the
eigenvectors are real as well.

e A Hermitian D is also “simple” (i.e. distinct eigenvalues, 4; # A;) and eigenvectors corre-
sponding to distinct eigenvalues are orthogonal (xfl x; = 0).

e For Hermitian D, the eigenvector matrix can be written as a unitary matrix, that is D =
OAQ", Q0" = Q" Q = I with A real and Q real if D real symmetric.

e For a Hermitian matrix D, we have D positive definite, (D > 0) if and only if (&) 4; > 0, Vi.

L. Dritsas PhD 2020 6
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e Raleigh’s inequalities: For any Symmetric (Hermitian) matrix A

/lmin(A)I < A < /lmax(A)I
o (A < ATA <02, (A)

Amin(AxTx < xTAx < Apax(A)x x

A

o For any two Hermitian matrices M and N,

/lmin(M + N) > /lmin(M) + /lmin(N)
/lmax(M + N) S Ade(M) + /lde(N)

2.3 Properties of Positive Definite Matrices

e Addition of positive matrices: A >0and B>0=A+B>0

Block diagonal matrices: A > 0 and B > 0 & ( 13 g ) >0

Invertibility: A > 0 = A nonsingular.

Convex cone property: A, B>0and 4, u>0= 1A +uB > 0.
The set of positive semidefinite matrices is a convex cone.

Recall also that

if P=P" >0 then P! always exists, and moreover P~! = (P™)" >0 4)

2.4 Congruent Transformations
A Congruent Transformation preserves definiteness

e Suppose X € R™™. Then for any Symmetric (Hermitian)
matrix A
A>0=X'AX>0

e Suppose X € R™™ and Image{X} = R". Then for any Symmetric (Hermitian) matrix A

A>0e XTAX >0

e Suppose X € R™ and Ker{X} = {0}. Then for any Symmetric (Hermitian) matrix A

A>0=XTAX >0 ©)

The inverse (<) is NOT true

2.5 Useful Matrix Inequalities

The (norm-2 induced vector-) norm ||A|| of a matrix is defined as

AL 2 Tmax(A) = VaAmax(ATA),

and satisfies

Al < ¥ © 020 (A) = nax(ATA) <y & ATA <921

L. Dritsas PhD 2020 7
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2.5.1 “First Fundamental Matrix Inequality”

The following inequality (and many variations of it) has been extensively used in the Robust and
H,, Control literature (where A usually denotes unstructured uncertainty, and X, ¥; A of compatible
dimensions)

Lemma 2 If ATA < Q,, then for any a > 0,
1 1
XTAY + YIATX < aXTX + (—)YTATAY < aXTX + (—)YTQpY (6)
[07 (07

Proof 3 Assuming €, &, > 0, expand the right part of the (trivial) inequality
0 <[aX - LAY [aX - LAY] into
0<[aX - LAY [aX - LAY] = X X + LYTATAY - S[XTAY + YT ATX]
2
& :—;[XTAY +YTATX] < EIZXTX + S%YTATAY]. The proof is completed by multiplying both sides
2
by :—: > 0 and then by setting a = €& > 0, while using ATA < Q.
If it is further assumed that A is norm bounded as
AL = Tmax(B) <y & ATA <91

the previous inequality becomes
52
XTAY + YTATX < aXTX + (5)YTY, A<y (7)
ot

Remark 4 For the admissible choices a =y or a = 7, inequality (7) becomes respectively
o XTAY + YTATX <yXTX +yYTY, Al <y

o XTAY + YTATX <?XTX + YTY, AL <y

2.5.2 Variations of the “First Fundamental Matrix Inequality”

Many variations of the “Fundamental inequality” appear in the literature of Uncertain (and Time
Delayed) Systems e.g.

1.
1/2 1 —1/2v1T171/2 1 —1/2
0<[Z'2x -~z '2yT 7' 2x - — 77y &
a a
1
XY +Y'X <aX"ZX + (—)Y'Z'Y with @, Z>0
04
(which is proved by expanding 0 < [Z'/?X — éZ‘l/zY]T[Zl/ZX - iZ‘l/zY] =
XTY+Y'X <aX"ZX + (1)Y'Z7'Y with @, Z>0.)
XT'zy+Y'7'x =
1 1 1
aX'X+=YT'7'7y —a[X - —ZY|'[X - —ZY]
a a a

1
<aX™X+=Y"ZT7y with @, Z>0
a

L. Dritsas PhD 2020 8
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which can be easily proved by noticing that

11 1 1 1 1 1
0<a [X - —ZY] [X - —ZY} =a [XTX + —ZYTZTZY - =XTzy - =Y"7Tx
a a a a a

1
=aX'X+=YTZTZzy - XTzy - YTZ"Xx

a
1
(04
a, Z>0

1 11 ]
o XTzy+Y'Z'X =aX"X + =YTZTZY -« [X - —ZY} [X - =7y
a a

3. more variations to be written...

4. ...

2.5.3 “Second Fundamental Matrix Inequality (Lemma)”

(Wang & Xie 1992, Xie 1996, Petersen 1987) see

Lemma 5 Given matrices G, M, N of compatible dimensions with G symmetric, the inequality

G+ MAN + NTATMT <0

holds for all A satisfying AT A < R if and only if (&) there exists a constant € > 0 such that

1
G+eMMT + =NTRN <0
€

Remark 6 Using Schur’s complements the last inequality can be equivalently written as (set R = 1

for simplicity)
| G (INT em)]
G+eEMM"+ SN'N<0 & 1y <0
€ eM” ~ln
G (eM INT)]
=3 eM? <0
%N _1211

Variation with o-max(A) < 6 & ATA < 6% also useful...

Lemma 7 Given matrices G, M, N of compatible dimensions with G symmetric, then
G+ MAN + N"ATM" <0

holds for all A satisfying omax(A) < 6 if and only if there exists a constant € > 0 such that
62
G+eMM" + =N'"N <0
€

L. Dritsas PhD 2020
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2.5.4 “Third Fundamental Matrix Inequality” and the Matrix Inversion Lemma

The inequality presented in Lemma 9 below (and variations) has also been extensively used in the
Robust Control literature Its proof needs the “Matrix Inversion Lemma” which states that

Lemma 8

[A1 + A2A3A4]7" = AT — AT AS[AGAT As + AT ALAT ®)

Lemma9 Let A, M, N, A be real matrices of appropriate dimensions with ||All, < 1. Then for P > 0
and scalar € > 0 satisfying el — MTPM >0,

(A+ MAN)T P(A + MAN) < ATPA + ATPM(el — M PM)"'M" PA + eNTN 9)
Sketch of Proof of inequality (9) in Lemma 9.
Proof 10 Start by forming the “square” 0 < Y'Y where
Y 2 [el - MTPM] 2 MTPA — [el - MTPM]:AN and hence
YT = ATPM[el — MTPM]~2 — NTAT[el — MT PM]:.

Forming the square Y'Y we get:
0<Y'Y =ATPM[el — M"PM]'M" PA — ATPMAN — NTATM"PA + NTAT[el - M PM]AN &

ATPMAN + NTATMTPA < ATPM[el — MTPM]'MT PA +
NTAT[el — MT PM]AN.

Adding now the “missing terms” ATPA+(NTAT MT)P(MAN) to both sides of the last inequality,
the LHS becomes the “complete square” (A + MAN)' P(A + MAN) and hence

(A+ MAN)TP(A + MAN) < ATPA + ATPM[sl — MTPM]'MTPA + NTAT[el - M PM]AN +
(NTATMTYP(MAN).

The last two terms are bounded as

NTAT[el - MTPM]AN + (NTATMT)P(MAN) = NTAT[el — MTPM + MT PM]AN =
eNTATAN < eNTN and the (sketch of) proof is complete.

Applying the “Matrix Inversion Lemma” (8) to the expression (P~! — ™! — MMT)™" in (9) of
Lemma 9 we get a useful alternative of (9) since (P! —&™' =MM")™! = P—~PM[M" PM—&I]"'M" P
and hence AT[P™! — e 'MMT17'A = ATPA + ATPM(el — MT PM)~'MT PA. Inequality (9) can then
be equivalently expressed as

Lemma 11 Let A, M, N, A be real matrices of appropriate dimensions with ||All, < 1. Then for
P > 0 and scalar & > 0 satisfying el — MT PM > 0,

(A+ MAN)P(A+ MAN) < AT[P' =& 'MM"1'A + eNTN (10)

The above inequality is also used with P in lieu of P~! and £7! in lieu of g i.e.

L. Dritsas PhD 2020 10
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Lemma 12 Let A, M, N, A be real matrices of appropriate dimensions with ||All, < 1. Then for
P > 0 and scalar € > 0 satisfying P —eMM" > 0

1
(A+ MAN)'P'(A + MAN) < AT[P —eMM"1'A+ -N'N (11)
E
See also Lemma (12).

Another useful inequality is derived by expanding (A + MAN)T P(A + MAN) in (9) and then
cancelling the term AT PA from both sides. Indeed since (A + MAN)T P(A + MAN) = ATPA +
ATPMAN + NTATMTPA + (NTAT MT)P(MAN) and (9) immediately yields

Lemma 13 Let A, M, N, A be real matrices of appropriate dimensions with ||All, < 1. Then for

P > 0 and scalar € > 0 satisfying eI — M7 PM > 0,

ATPMAN + NTATMTPA + (NTATMT)P(MAN) < ATPM(sI — MTPM)"'MTPA + eNTN  (12)

2.6 Schur Complement and LMIs

Lemma 14 The following statements are equivalent (“<”)

Z<0and X-YZ7'YT <0

_yTy-1
[;(T ; <0o X<0and Z-Y'X'Y<0 (13)
T
[)Z,};( <0,

Schur’s Lemma (13) also valid with “>" inequality sign.

Remark 15
X Y
[ YT 7 }<O:X<O and Z <0
The following Lemmas are Direct Application of Schur’s Lemma (13)
Lemma 16 (¢ >0)

A B DT

1 T
B" C ET <0@[§Tg+— 27}[D E|<0
D E —el €
-l D E
o DI A B |<0
ET BT C

(Sketch of Proof: Conceive the RHS as X — YZ7'YT < 0 with X = [ A g ], Y = [
Z = —€l < 0 and apply Schur’s Lemma)

L. Dritsas PhD 2020 11
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Lemma 17 (Generalization of Lemma 16 with P > 0)

A B DT
BT C ET <O@[§T€,
D E -P
-P D
o DT A
ET BT

L. Dritsas PhD 2020
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3 Lyapunov Stability Analysis and Static State Feedback (SSF)
Synthesis via LMI

3.1 Continuous Time (CT) Lyapunov inequality expressed as LMI

Recall that the Continuous—Time (CT) LTI system x(f) = Ax(#), is exponentially stable iff there
exists P = PT > 0 such that

ATP+PA<0, P=P' >0
Taking into account that

e The Lyapunov inequalities (1) AP + PA < 0 and (2) P > 0 are already in LMI format
(depend affinely on P)

o multiple LMIs can be combined into a single LMI

T _ATp _
ATP+PA O }<0 [ ATP—-PA 0 >0 (14)

0 -P 0 p

Conclusion: The problem of stability verification for X(#) = Ax(¢) is transformed into a strict fea-
sibility test for the LMI (14), whose solution P (if exists) defines the Quadratic Lyapunov Function
V(x) = xT Px, which certifies asymptotic stability.

3.2 SSF Synthesis via LMI for CT-LTI systems without uncertainty
For the CT LTI system with Static (“memoryless”) State Feedback
x(t) = Ax(?) + Bu(r), u(t) = Kx(1),
the closed—loop system is stable iff there exists P = PT > 0 such that
(A+ BK)'P + P(A + BK) < 0. (15)

The “congruence + change of variables” trick (20 years old !!!)

Though (15) is not an LMI in P, K it can be transformed into an LMI using the new variables
S =P'!'>0, W=KS =KP'. Recallthat (i) if P = PT > 0thenS = P~ always exists and
is also symmetric positive definite (S = S7 > 0) and that (ii) a congruent transformation preserves
definiteness.

Pre-, Post- multiplying (15) by S and using W = KP~! = KS, WT = P7'KT = SKT,

S(ATP+KTBTP+PA+PBK)S < 0o

SATPS + SKTBTPS + SPAS + SPBKS < 0o
SAT + WIBT + AS +BW < 0

whichis an LMIin S, W !!!
The algorithm for Continuous—Time State Feedback design via LMI is thus:
Solve the LMI feasibility problem

-5 < 0
SAT + WI'BT + AS +BW < 0 (16)

for S, W and (if solution exists) get the static state feedback gain as K = WS~!. Moreover the
quadratic Lyapunov function x” Px = xS ! x proves closed loop stability.

L. Dritsas PhD 2020 13
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3.3 SSF Synthesis via LMI for CT-LTT polytopic uncertain systems

Robust control deals with the problem of inexact or (intentionally) simplified system models and the
design objective is that the robust controller will perform “satisfactorily” in terms of stability and
performance when applied on the actual (uncertain) system

Problem Statement: Using the “standard Robust Control Paradigm” (Figure 1) the objective
is to find an optimal control strategy u(f) = Kx(f) or u(t) = Ky(f) such that the closed—loop system
enjoys good robustness properties. The uncertainties are (possibly) measurable in real-time, and can
(in this case) be used for feedback, i.e “gain—scheduled”

wr =
— Uncertain e
U > System Yy

u=~K(y,t) ja4——

Figure 1: Robust Control Paradigm

The above methodology , expressed via the (16) LMI, can be generalized for the robust stabi-
lization via state feedback of a polytopic uncertain system as following:
Consider the polytopic system with static state feedback

x(t) = A(®)x(r) + Bu(t), u(t) = Kx(t), A@®) € co(Ay,...,AL)
The closed-loop system is (quadratically) stable iff
P=P' >0, (A;+BK)'P+P(A;+BK)<0, i=1,.. L
and the corresponding LMI methodology now becomes
-5 < 0
SAT +W'B" +AS +BW < 0, i=1,..,L (17

Output feedback strategy u(f) = Ky(t) on the other hand is in general “much harder” than state
feedback. This difficulty can be illustrated by presenting the case of constant output feedback for
polytopic systems.

X = A@0x(®) + Bu(r), y(t) = Cx(1), u(®) = Ky(), A@t) € Co(Ay, ...,AL)
where the closed—loop system is stable if
P=P' >0, (Ai+BKCO)'P+P(A;+BKC) <0, i=1,.. L (18)

Output feedback strategy u(t) = Ky(r) gives LMIs only in a handful of cases since no “Convexi-
fication” is possible in general.
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3.4 SSF Synthesis via LMI for CT-LTI systems with norm—bounded uncer-
tainty

Open-loop CT system dynamics with norm—bounded uncertainties in both the system and the input
matrices, i.€.

X =(A+AA)x(t) + (B+ABu(t), xe€R" ueR" (19)
with
[AA AB] = D,F[E, Ep] (20

D,, E,, E;, known and constant, and the unknown (time-varying) matrix F(f) satisfying FTF < I.
The closed-loop dynamics with u(¢) = Kx(¢) are

% =[A+ BK + D,F(E, + ExK)] x = Acx(t) Q1)

with the obvious definition for the uncertain closed-loop matrix A¢ .

Defining the “quadratic candidate Lyapunov function function V = x(#)" Px(f), with P > 0 being
a SPDef matrix of appropriate dimensions 0 < P = P € R™", the “wish” for V < 0 along the
trajectories of the closed-loop system can be equivalently expressed as AEP + PAc <0Oor

(A+BK)'P+ ((E, + E,K)' F'D!)P + P(A + BK) + PD,F(E, + E,K) < 0

Introducing S = P!, W = KP~! = KS, and Pre-, Post- multiplying the last inequality by S,
can write equivalently

S(A+ BK)'PS + SP(A + BK)S + S[((E, + E,K)' FTDI)P|S + S PD,F(E, + E,K)S <0 &
S(A+BK) + (A + BK)S + ST[D,F(E, + E}K)|" + D,F(E, + E,K)S <0 &
(AS + BW) + (SAT + WI'BT) + D,F(E,S + E,2W) + (E,S + E,W)'F'DT <0
The last matrix inequality is clearly of the form G + MAN + NTATM” < 0, with GT = G =
(AS + BW) + (SAT + WTBT) and hence...,

Lemma 5 can be used to transform it into the following equivalent “G + eMM” + éNTRN”
inequality (valid V admissible F and € > 0) i.e.

1
G +eD,DI + —(E,S + E;ZW)(E,S + E,2W) <0 &
€

(G + €D,DT) — (E,S + EyW)T (=€) (E,S + E,2W) <0 &

(AS + BW) + (SAT + WI'BT) + eD, DI  (E,S + E,W)T

(E,S + E,W) —el, <0 (22)

If this last LMI has a feasible solution, in terms of the variables {e, W, S }, then the state feedback
control law u(¢) = WS ~!x(t) = Kx(f) is a robustly stabilizing control law.
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3.5 Discrete Time (DT) Lyapunov inequality expressed as LMI

Recall that the Discrete-Time (DT) LTI system x;.; = Ax;, is exponentially stable iff there exists
P = PT > 0 such that AT PA — P < 0. Manipulating the Lyapunov inequalities ATPA -~ P <0, P =
PT > 0 as follows:

ATPA-P<0, P=P' >0
-P+ATPA<0, -P<0o
—P-AT(-PH'A<0, -P<0 (23)

and using Schur’s Lemma 14 (version Z — Y’X'Y <0, X <0 withZ - -P, Y — A,
X - -P! & X! — —P <0)canexpress the Lyapunov inequalities A”PA—P <0, P=PT >0
as

<0 (24)

—Pl A P AT
AT _p|<0® —p-!

Remark 18 Working with the “>” version of DT Lyapunov we equivalently have ATPA—P < 0 &
P—ATPA > 0 © (Schur’s Lemma)

Pl A P AT
[AT P]>O@[A p-1 >0 (25)

Note that (24), (25) are NOT LMIs ! hence an alternative manipulation is needed...

DT Lyapunov LMI 1: A first alternative expression can be derived via direct manipulation of
(23) while recalling that P = PT > 0

ATPA-P<0, P=P'>06
P-AT(PPHPA>0, P>0 &
—(PAT(PHPA) >0, P>0&

use version Z-YTX'Y >0, X>0

of Schur’s Lemma

P A"‘P} 0 26)

@[ATP P ] OQ[PA P
Now (26) is a “feasibility” LMI on matrix variable P.

DT Lyapunov LMI 2: A second alternative expression can be derived by pre— and post—
multiplying (23) by S 2p ' congruent transformation with S £ P') while recalling that

e if P= P > 0then S = P! always exists and is also SPD (i.e. § = S > 0)
e a congruent transformation preserves definiteness

Thus

-P<0s-P'PP <0 -Pl=-5<0
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and
-P+ATPA<0 o P! [—P + ATPA] P'<0
e —Pl'—@APH =P H AP H <0
e -S-AS(-5)"'As)<0
Z-Y'Xx'vy <0, Xx<0
(use Schur’s Lemma 14 withZ —» —-P' =-S, Y5 AP '=AS, X—» -P ' =-5 <0),
-S AS -S SAT P
Q[SAT —S]<0@[AS _S}<O,S_P 27

Now (27) is a “feasibility” LMI on matrix variable S.

Remark 19 The same result (27) could have been directly derived from (24) via the following con-
gruent transformation:

AT

I 0 -P1 A I 0
0 p! AT —p|lo p1 |0

_p-1 -1 _
[ P AP ]<0i.e.[ 5 AS <0

_p-1
[ p _AP]<0<:>

P AT —p-l SAT -§

Conclusion: The problem of stability verification for the Discrete—Time LTI system x;,; = Axy
is transformed into a strict LMI feasibility test for the LMIs (26) or (27).

These LMIs are two alternative & equivalent “tests” for the (Quadratic) Stability of the examined
Discrete-Time LTI system.

The solution(s) P = S~! or S respectively, if exist, define the Quadratic Lyapunov Function
V(xg) = x,{ka, which certifies asymptotic stability.

3.6 SSF Synthesis via LMI for DT-LTI systems without uncertainty
Fact: For the DT LTI system with static State Feedback

Xee1 = Axp + Buy, uw = Kxy,
the closed-loop system is stable iff there exists P = PT > 0 such that

(A+ BK)TP(A+ BK)-P < 0. (28)
which is not an LMI in P, K, but can be transformed into one by using the new variables S = P>
0, W=KP!'=KS and... ... the “change of variables™ trick again !!!: Pre-, Post- multiplying (28)

by the symmetric positive definite matrix S = P~! and using the new variables S = P~! >0, W =
KP~' = KS, while recalling that “a congruent transformation preserves definiteness”, Lyapunov
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inequality (28) transforms into

S((AT+KTBT)S’1(A+BK)—S’1)S < 0o
SAT +SK"BHS " A+BK)S -SS7's < 0o
SAT +WTBT)S1(AS + BW)-S < 0o

-S —SAT + WI'BT)(-S)'(AS + BW) < 0

The last matrix inequality can be expressed as an LMI feasibility problem in terms of the matrix
variables S, W by invoking Schur’s Lemma 14 (use the “Z — Y"X~'Y <0, X < 0” version with
Z—-P1=-§<0, Y- (AS + BW), X — -5)

-S —(SAT + WI'B)(-=S) ' (AS + BW) < 0 &
-5 AS + BW ] [ -S SAT + wT'BT
<0o

SAT + W7 BT _s AS + BW _s <0 (29)

The algorithm for Discrete-Time State Feedback design via LMI is thus:
Solve the LMI feasibility problem (29) for S, W and then get the static state feedback gain as
K=ws""

3.7 SSF Synthesis via LMI for DT-LTI systems with polytopic or norm-
bounded uncertainty

The procedure presented in previous section can be generalized for discrete time polytopic systems
as done for the CT case (see (17)).
The norm-bounded uncertainty case is covered in another section (see 10.4 further down).
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4 Bounded Real Lemma for Continuous Time systems (CT-BRL)

4.1 BRL as a Robust Quadratic Stability Criterion for CT-LTI Uncertain
Systems

The BRL presentation starts by investigating the Robust Quadratic Stability of the autonomous
continuous—time LTI uncertain (CTLTI) System

X(1) = A(A)x(1) = (Ag + AA)x(1) = (Ao + MaAANA)X(1) (30)
Interpretation of the structure of the uncertain system matrix A(A) = Ag + MsAAN4:
e Aj is the nominal (known and time—invariant) system matrix,
e My, N4 are known constant matrices capturing the uncertainty structure

e A, being an uncertain matrix capturing the uncertainty magnitude via the norm bound relation
A .
Omax(Aa) <64 = 74’ 1.c.

Recall that 00 (A) = [|Al € ¥ © Amax(ATA) <9 & ATA <92

Remark 20 [t is intuitively expected that the nominal matrix Aq has to be (Hurwitz) stable...otherwise...for
the admissible value A = 0... See remark (24) below

Remark 21 In most of the presentation below, for notation convenience only, we temporarily omit
the “A” subscripts from My, Ay, Ny writing simply M, A, N. Similarly we temporarily omit the “0”
subscript from the nominal matrix Ay writing simply “A”.

The problem is thus formulated as: Investigate the conditions for robust quadratic stability of the
norm bounded uncertain system

al

x(t) = A(A)x(t) = [A + MAN]x(t), with 0,,(A) <0 (€28

Definition: The CTLTI uncertain system (31) is said to be robustly stable if (31) is asymptoti-
cally stable for all A(A).
Alternative Definition: Let Q be the set of stable (“Hurwitz’) matrices i.e.

Q2 XeR™ : maxRe{A(X)} < 0
Robust stability is then (re)defined as follows:”If A € Q then the CTLTI uncertain system (31)

is robustly stable”.
Problem: The set of all stable matrices Q is not a convex set (it is a non convex cone).

Remark 22 Note that (30),(31) can be written as the feedback interconnection of the system
x(t) = Ax(t) + Mw(t), z(t) = Nx(1), (32)

with the uncertain element w(t) = Az (see figure 2 below). This “feedback representation” will later
clarify the relation between BRL and the Small Gain Theorem.
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r = Ax + Bw -
z = Cxzx A

w = Az

X = Ax+Bw
w =z
Z
v G (s)
A |-—————

Figure 2: Relating BRL to SmallGain Theorem

Taking the time derivative of V(x) = x” Px, P = PT > 0 along the trajectories of (31),(32)

2x" P[A + MAN]x
x'[ATP + PA + PMAN + NTAT MT P]x

V(x(1))

and using the “fundamental inequality” (7) along with the assumption ||A|| < 6, the term
PMAN + NTAT MT P is bounded as

62
(PM)AN + N"AT(M"P) < aPMM" P + (—)N'N
a

XTAY + YTATX < aX"X + (2)YTY

Using the admissible value @ = § > 0 for the positive “tuning (scalar) variable” @, the previous
inequality (bound) becomes

(PM)AN + NTAT(MTP) < sSPMM™P + 6NTN

and hence V(x(¢)) < x"[ATP + PA + SPMM™P + SN N]x

4.1.1 First Version of BRL (no feed—through term)

It is now clear clear that a sufficient condition for the (Robust Quadratic) Asymptotic Stability for
Bl)is

ATP+ PA+S6PMMTP+5NTN <0, P>0 (33)

Writing the last inequality as AP + PA + 6N"N — PM(-11)~'(PM)" < 0 and using Schur’s
Lemma (with “Z” — —}51 < 0), the conditions in (33) are expressed equivalently (<) as an LMI

ATP+ PA+S6NTN PM

| <0, P>0 (34)
MTP —I)

LMI (34) is the first version of BRL in its “2 x 2 formulation, and its Feasibility guarantees
Robust Quadratic Stability for the uncertain system (31).
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Writing inequality (34) as

[PA+ATP PM +5[1\(’)T][N 0] <0

T 1
mM'p i
A B .| DT
[BT c|e ET][D £ |

and using Lemma (16), we equivalently (<) get

PA+A"P PM N'

M'P -1 0 <0 (35)
N 0 -4/

A B DT

BT Cc ET

D E —el

LMI (35), along with the (LMI) constraint P > 0, is the first version of BRL in its “3 x 3”
formulation and is of course equivalent to LMI (34).

Remark 23 Recall that

e “Robust Quadratic Stability” = “simultaneous stability”=“a single Lyapunov matrix P proves
stability for the whole uncertainty range”

e Recall: Quadratic stability = robust stability = vertex stability. The converse is NOT true

Remark 24 Recalling the remark 15 on matrix definiteness, it is clear that the (1, 1) element of the
LMI (35) “demands” that PA+ATP < 0i.e. BRL expressed via LMI (35) demands that the nominal
matrix A is “Hurwitz” stable !!!...See also the intuitive remark 20.

4.1.2 First Version of BRL with feed—through term

Generalize the system dynamics in (32) by adding a “feed—through” term
(1) = Ax(t) + Mw(t), z(t) = Nx(t) + Dw(t) (36)
with the uncertain element w(f) = Az.  Provided that (I — AD)™! exists, can write
w = A(Nx(t) + Dw(t)) & w = (I — AD)"'ANx 37)

Substitution of w = (I—AD)~'ANx into (36) provides an “LFT” representation of the uncertainty
(Linear Fractional Transformation)

%) = [A + M(I — AD) " AN]x(?) (38)

The requirement for non—singularity of (/ — AD) is a well posedeness requirement which is
equivalent to

(I — AD) nonsingular YA & [ > 5°D'D 39

Using the same math as before, the (“complete”) version of BRL with feed—through term be-
comes
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ATP+ PA+6NTN + (PM + 6N D)[31 - D" D"/ (M" P + D" N) < 0

g
ATP+PA+6N'N PM+6N"D
M"P+6D'N  —11+6D"D
g
ATP+PA PM NT
P> 0, M'P -1 D" |<0 (40)
N D -1

P>0, <0

Looking at the lower right block of (40), it is clear that the above condition implies

-i1 DT 1 T 2T
o 1, | <0 0>—-=1I+6D"D&1>6D'D
D -3l 0
which guarantees well posedeness via (39).

Corollary 25 (BRL) The uncertain CT-LTI system x(t) = [Ax(f) + M(I — AD)"'AN1x(¢) is robustly
stable for any ||A|| < 6 if the LMI in (40) is feasible with P = PT > 0.

4.1.3 First Version of BRL: RECAPITULATION

We “recap” all previous results (including the feed—through versions of BRL) using the variable
vy 2 % from (30),(31). This makes our notation same to standard MATLAB notation...

IF there exists P = PT > 0 satisfying

PA+ATP + %NTN PM + %NTD

P>0, M'P+1D'N  —y1+1pTD | T 0
(3
PA+A"P PM N'
P>0, MTP -yl DT |<0 41
N D -yl

THEN the Uncertain CT-LTI system
x(t) = [Ax(t) + M(I — AD)"' AN1x(?),

1

is robustly stable for any norm bounded uncertainty A satisfying 0 ,,:(A) = ||All < 6 2 5

Computing the Maximum Allowed Uncertainty is now a “mincx” problem [8]:

miny over P > 0 and y > 0 under the LMI constraint (41)

Remark 26 Recall remark 23 i.e. “A single P proves stability for the whole uncertainty range in
system matrix A — Quadratic Stability” and check MATLAB’s “quadstab” command (Quadratic
stability of polytopic or affine parameter-dependent systems — over the entire parameter range and
for arbitrarily fast parameter variations).

BRL (40) is now rewritten in terms of the (CT-ULTI) System Dynamics (30) in order to make
clear its interpretation as a Robust Quadratic Stability Condition. See Remark 21. The feed—through
term is also included for generalization.
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The Uncertain CT-LTT system
(1) = [Ao + Ma(I = AaD) ™ AN 1x(0)

(which is (30) generalized in (38) via the inclusion of the feed—through term), with A, being the nom-
inal (known and time invariant) system matrix, is robustly stable for any norm bounded uncertainty

Ay satisfying o pmax(As) = A4l < 64 = VLA if there exists P = PT > 0 satisfying

P00 PAy +T AlP+ &;N}NA P]ll/IA + 6AN;D ] 0
’ MTP +6,4D" N,y —5-1+6,D"D
()
PAg+AlP PM, N} PAy+AlP PM, NI
P>0, MiP  —51 D' |= MYP —yal D' } <0 (42)
NA D —%I NA D —)/AI

Remark 27 For the “no feed—through case” in (30), i.e. for x(t) = [Ag + MaAsNA)x(¢), trivially set
D = 0. Also recall that the (1, 1) element of the LMI (42) “demands” that the nominal matrix Ag is
Hurwitz stable !!!

4.1.4 Second Version of BRL (no feed—through term)

Several variations of BRL in literature. For example, starting from the bound (33) on the Lyapunov
derivative and selecting the admissible value & = 6> > 0 instead of @ = § > 0 for the positive
“tuning variable” a, the previous inequality now becomes

(PM)AN + NTAT(MTP) < $*PMM™P + N'N

and carrying out the same “math”, a sufficient condition for Robust Quadratic Asymptotic Stability
of (31) is P > 0 along with

(ATP+PA+8*PMMTP + N'N) <0
)
(ATP+PA + NTN - PM(= D) (PM)T) <0
)
ATP+PA+N'N PM
” ) <0
MTP (=5D
)
PA+ATP PM N’
[ L }_[ 0 ](_1)[ Vol
)
PA+ATP PM NT PA+ATP PM NT
M'P -5l 0 |=| M'P =1 0 [<0 43
N 0 - N 0 A

4.1.5 Second Version of BRL with feed—through term
BRL (43) will now be
e rewritten in terms of the (CT-ULTI) System Dynamics in (30) making clearer its interpreta-

tion as a Robust Quadratic Stability Condition
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o generalized by adding a feed—through term (see (38))

Corollary 28 The system (t) = [Ag + Ma(I — AyD) ' ANA1x(?) in (30) is robustly stable for any
IAall < 64 = ylA if there exists P = PT > 0 satisfying

PAg+A[P+NiNy PMy+N;D
P>0, MIP+D'N,  D'D-LI }<0
A
)
PAy+AjP PM; Ny PAy+ATP PM, NI
P >0, Mip  -%1 D' |= MIP 21 D' |<0 (44)
N D I N, D I

As before, the lower right block in (44) guarantees well posedeness via

-1 T

=Y )]

% <0eI>8D'D
D I

Remark 29 Compare (44) to (42).

4.1.6 Second Version of BRL: RECAPITULATION

We “recap” all previous results of the second version of BRL (including the feed—through versions)
and using y 2 %

The Uncertain CT-LTI system x(f) = [Ax(t) + M(I — AD)~' AN]x(¢) is robustly stable for any
norm bounded uncertainty A satisfying o, (A) = [|A]| < 6 2 1 if there exists P = PT > 0 satisfying
any of the four equivalent inequalities below (starting from the “Riccati-like” inequality and ending
with the easily memorized (45)):

-1
ATP + PA + NN + (PM + N D) [)/21 - DTD] (M'P+DTN) <0

)
ATP+PA+NT'N PM+N'D <0
M'P+ D'N D'D —~?I
)
PA+ATP PM NT
M'pP -1 DT | <0
N D -1
03
I 0770 P 0 O1/1 O
A M P 0O 0 O||lA M
0 I 0 0 =1 0 0 I 43)
N D 00 O I|lN D

4.1.7 A Congruent Transformation relates the two BRL Versions
Compare the two BRL versions:

¢ First Version is given (in terms of y = %) in (41) (equivalently (42)),
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e Second Version is given (in terms of y? = (%) in (45) (equivalently (43), (44)).

Starting from the Riccati inequality (43) of Second Version (the one without a feed—through
term for easiness of presentation - generalized in (45)) i.e. ATP + PA + 8*PMM"P+ NN <0, we
shall constructively show that via a Congruent Transformation one can get inequality (41) of First
Version.

Define Y = %P. Then

43) @ ATP+ PA+8PMMTP+NTN <0

)
ATP + PA + #PMMTP +NTN <0
g
y(ATCEP) + A P)A) + APYMMT(LP) + NTN <0
)
y(ATY + YA) + YMM"Y + NN < 0
g
T T
(4 Y+};A)+N N oYM | _,
M’y .
g
y(ATY +YA) YM N'
M'Y -I 0 |<0
N 0 I
0
congruence: pre- and post- multiply by
1
5! 0 0
0 Wl 0
0 0 i
g

ATY+YA YM NT
MTY —-yI 0 |<0
N 0 —yI

which is (41) of First Version with D = 0 and Y instead of P !!!
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4.2 Relating BRL and H,, system norm implies a Disturbance Rejection in-
terpretation

Apart from the “Robust Stability interpretation”, BRL plays an essential role in the “Energy Gain”
computation of Stable Linear Systems !!! This BRL “interpretation” is a fundamental result relat-
ing Time—-Domain and Frequency—Domain (H.—norm) system characteristics to the feasibility of a
strict LMI (BRL) !!!

e Connection with “Small Gain Theorem”...
e Many variations (KYP,Pos—Real Lemma, etc.)

e The concept of “Dissipativity” is behind all this...

Consider the LTI System,
X)) = Ax(?) + Bw(?),
z2(t) = Cx(t) + Dw(r)
z = T(s)w with T(s)=C(sI-A)'B+D (46)
and assuming A is (Hurwitz) stable and x(0) = 0...  can interpret w(¢) is an “exogenous distur-

bance”, whose effect on z(¢) we wish to analyze (minimize)
e for deterministic “w,z” — “System Gain” notions

[T L)

o for white noise “w” — asymptotic output variance
‘6, 2

e for impulse “w” — output energy

Signal Energy (‘““L,”’) Gain: The Energy Gain of a signal x(¢) is

lx@ll2 =

f llx(0)IPdz, with [lx(0)I> = x" (1)x(0). (47)
0

System Energy Gain: Starting from z = T(s)w with 7T(s) = C(sI — A)"'B+ D € H,, and
assuming that: A is (Hurwitz) stable and x(0) = 0, the system gain (“Worst Amplification in any
direction”) is

llzll2 ITwll>

A
ITllw = sup ~—= = .
o<liwli<oo IWIl2 O<pii<oo W2

(48)

Remark 30 “Small” Energy Gain u implies “Good” disturbance (w(t)) attenuation (rejection)
since

Tl < u & szzdt<,uszdet, Yw # 0 (49)
0 0

Theorem 31 Consider the CT LTI system in (46) and assume: A is (Hurwitz) stable and x(0) = 0.
The following three statements are equivalent:
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o System’s Energy Gain ||T|| < W, i.e
7wl

O<lwli<co (Wl

“T”oo = sup O-max(T(jw)) <p.

ie. T*(jw)T(jw) < 1’ Yw €R.

e There exists a solution P = PT > 0 of the LMI

ATP+PA+CT'C PB+C'D 0
B'P+D'C D'D — 121

)
PA+ATP PB (CT
B'P -1 DT | <0
C D I
)
I o170 P O O11I O
A B PO O O0]|lA B
0 1 00 —21 oflo 1|<° (50)
C D 00 0 I]lc D

Remark 32 The last three LMIs (50) are actually the BRLs presented in (45) in a “robust stability”
setting !!!  See section (4.2.1) for proof and section (4.2.2) for an alternative proof...

4.2.1 Proof of Sufficiency (feasible BRL = H,, norm < )

Proof of Sufficiency “feasible BRL = H,, norm < y” is easy !!! Assuming that BRL (50) holds for
the CT LTI system x(¢t) = Ax(¢) + Bw(t), z(t) = Cx(¢) + Dw(?) in (46) with A (Hurwitz) stable and
x(0) = 0, the time derivative of V(x) = x” Px, P = PT > 0 along the system trajectories is negative
and can be expressed as

V(x(®) = xT[ATP+ PAlx+ x" PBw + w' BT Px
ATP + PA PB
=[HBTP o]0
Noting that
Zz = It +w' D) (Cx + Dw)

XCTCx+ xTC"Dw + wI DT Cx + wI DT Dw

the objective 7'z < ;/>w”w (to be proved) can be written as
x'CTCx + x"CT"Dw + wI'D'Cx + wI'[D'D — 1/’ Ilw <0 or

Cc'c C™D
I e
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T
Now starting from the “2 x 2” version of BRL in (50), pre— multiplying by [ ;C} ] and post—

multiplying by [ :; ], and using (51), (52), we notice that feasible BRL =

x " ([ ATP+PA PB .| ¢rc Cc'D o
w B'P 0 DTC DD -1 w

=V+z-p*wTw<0

i.e. starting from BRL in (50) and using the assumed Lyapunov stability, it was shown that
V + 7'z — i”>w’w < 0. Integrating this last inequality from O to co while taking into account that

e V(x(c0)) = V(0) = 0 (due to system stability assumption)
e V(x(0)) = V(0) = 0 (by zero initial state assumption)

can write
f(V +72 2= 1PwTwydt < 0 =
0

oo

V(o0) — V(0) + f 7 zdt - f wiw<0=
0 0
llzll>

2 2 2
llzll5 < pliwll; =
Iwll>

i.e. H, norm (“Energy Gain”) less than u !!! (see (48)and (49)).

4.2.2 Alternative Proof of Sufficiency (feasible BRL = H_, norm < yu)

Here is an alternative proof of Sufficiency including the “mechanics” used for deriving the last LMI
in (50).

The time derivative of V(x) = x” Px, P = PT > 0 along the system trajectories is negative and
can be expressed as

i Px + xT Px = #T Px + xT P(Ax + Bw)
(AT i ][ PAx + PBw ]

o]
ol

V(x(1))

. . [ PA PB
[ x][P 0

M

But since x = Ax + Bw = [A B] [ :i ] can write

RPNV kY
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Using this result into the previous matrix (Lyapunov) inequality

: x|"[1 oo PI[1 O] x
veo=[ 14 B[ 5 o]l4 B[] 2

On the other hand, starting from the expression (52) for the objective 7'z < u?>w”w (to be proved)
can manipulate the matrix appearing there as follows:

c’c  c™ ] [o cT][o —2r] [o 1][-2 00 I
p'c D'p-y*1 |~ |1 D' ||Cc D |7|C D 0 I||Cc D

hence (see (52))
T T
T 27| x 0 I —*l 0 0 I X
R M A B P o

T
Now starting from the “2 x 2” version of BRL in (50), pre— multiplying by [ :‘C} ] and post—

multiplying by [ :f} }, and using (53), (54), we notice that the expression

V + 7'z — i®w'w < 0 arising from BRL, can be expressed as

x1"([1 oo P IO+OIT—/J2]0 0 I o

w A B P 0 A B C D 0 I C D w

Using “block—diagonal” manipulations, the matrix appearing in the previous matrix inequality
can be expressed as

[1 OHO PH10+01H—,121 oHo 1]_
AB||Pol|lAa B C D o Illc b
0 P I 0
rolfo 17 P 0 A Bl _
[A B][CD] -1 0 0 1|~
0O I C D
1 07fo P 0 O] O
A B||PoO 0 oflA B
0 I 00 -1 oflo 1]<°
cplloo o 1llc

which is the matrix appearing in the last formulation of BRL in (50).
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5 H, Synthesis for Continuous Time Systems

5.1 H., State Feedback Synthesis for CT LTI without Uncertainties

Problem setup:

Open—Loop System (Plant):

x(t) = Ax(®)+ B,w(t) + B,u(t), x(0) =0
2(t) = Cux(t) + Dyyw(t) + Dyu(t)

State Feedback Controller:
ut) = Kx()

Closed-Loop System:
x(t)= (A+ B,K)x(t) + B,w(r)

= Agx(t) + Baw(t)

«t) = (C. + Dy K)x(1) + Doy w(1)

2 Cox(t) + Daw(t)

with Ay = A+ B,K, Coy = C, + DK, By = B, and D, = D,,,. The transfer function w — z
is clearly T, (s) = Cu(sI — Ay)"'By + D, while the control design objectives are: closed-loop
stability and [|7||l. <y for disturbance attenuation.

(Note the change of symbol from y into the conventional y for the attenuation...)

Using BRL (see the version presented in (41)), the above two requirements are equivalent (&)
to the existence of K € R™" and P € S" such that

PAq+AlLP PB, C)
P>0, B!,P -yl D! |<0 (55)
Ccl Dcl _)/I
The “Congruence + Change of variables” trick again (set § = P!, W = KS)
Matrix Inequality (55) is equivalent (&) to
Pt 0 0]] PAy+ALP PB, C! |[P' 0 O
0 I 0 B! P -yl D], 0 I 0]<0
0 0 I Cy D, -yl 0 0 I
AgP '+ P'AT B, PI(C
2N B, -yI DT <0 (56)
CCIP71 Dcl _71

Now B, = B,, and D.; = D,,, are constant matrices, whereas the products

AgP ' =AP '+ B,KP " and C,P' =C.P7' + D_,KP!
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can be transformed using change of variables S = P~!, W = KS and hence

AgP' = AP'+B,KP'=AS +B,W
C. P! C.P'+D,KP'=C.S +D,W

Substituting into (56) we have the following result [1], [2]:

The CT-LTT system

(1) Ax(?) + Byw(?) + Buu(t), x(0) =0
() = Cx(t) + Dyyw(t) + Dyu(r)

is stabilizable via state feedback u(f) = Kx(¢) such that ||T(s)|l < 7y if and only if there exist
S € §" (SPD matrix) and Z € R"™" such that

AS + BW+SAT+w'Bl B, SC'+W'D!,
S >0, Bl —¥Inu DI, <0 (57)
C.S + D, W D, —¥Inu

If LMI (57) has a feasible solution (in terms of S, W, y), the SSF control gain K = WS~!
stabilizes the closed loop system robustly in the sense of “y-attenuation”.

Remark 33 Optimal H,, control set—up: minimize y subject to the (convex) LMI constraint (57)...
An alternative (equivalent) synthesis procedure is available using Finsler’s Lemma [3]

The result in (57) can be used as a stepping stone for stability analysis and robust stabilization of
uncertain systems with norm bounded uncertainty.
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5.2 H, State Feedback Synthesis for CT LTI with Norm Bounded Uncertain-
ties

Problem setup:

Open—Loop System (Plant) with Norm Bounded Uncertainties:
x(t)
(1)
Norm Bounded Uncertainties:
[AA AB,] = DFI[E, E;), FTF<I

State Feedback Controller:

(A + AA)x(0) + B,w(t) + (B, + AB)u(t), x(0) =0
C.x(t) + D,w(t) + D, u(t)

u(t) = Kx(t)

Closed—Loop System:
i) = (A+B,K+DF(E,+ E,K)x(t) + Byw(t) = Ayx(t) + Baw(?)
20) = (C.+ DyK)x(t) + Dyyw(t) = Cx(z) + Dagw()

Design Objective: Stabilization AND y—attenuation (an H,, objective)

Using BRL (see the version presented in (41)) with y instead of y, the above two requirements
are equivalent (©) to the existence of K € R™" and P € S" such that

PAq+AlP PB, C
P>0, BI,P -yl D! |<0 (58)
Ccl Dcl _71

The “Congruence + Change of variables” trick again: S = P~!, W =KS !l
Matrix Inequality (58) is equivalent (&) to

Pt 0 O] PAq+ALP PBy CI [ P! 0 O
0o I 0 BCT_IP —yI DCT,I 0 I 0]<o0
0 0 I Ccl Dcz —)/I 0 0 I
AP+ PT'AT, B, PT'CY
2N B! —yI DT <0 (59)
C(,'IP - D(,'l _7[
Now B, = B,, and D.; = D,,, are constant matrices, whereas the products
AyP' = AP'+B,KP' + DF(E,+ E,K)P™' = AS + B,W + DFE,S + DFE,W
CqP' = C.P'+D,KP'=CS+D,Z (60)
were transformed using change of variables S = P~!, W = KS. When these expressions are used

into (59) we have the following equivalent matrix inequality:

S >0,

AS + B,W + SAT + WI'BL + DF(E,S + E,W) + (E,S + E,W)'F'D" B, SCIF+W'Dl,
BT —yI D, <0
CZS + Dqu D:w —’)/I
(61)
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By decomposing the last matrix inequality (61) as

AS +B,W +SAT +W'Bl' B, SCT'+Ww'DI,
B —yI DI, +
C.S +D,W D., —yI
D (E,S + E,;W)T
0 F[(E,,S+EbW) 0 0]+ 0 FT[DT 0 0]<0 (62)
0 0

D
Inequality (62) is clearly of the form G+ MAN+NTATM? < 0,with A> F,.M - | 0 |, N —
0

[ (E,S+E,W) 0 O ] and its “G”—part symmetric. Hence Lemma 5 can be used to transform
(62) into the following equivalent “G + eMM” + éN TN * matrix inequality (valid for all admissible
uncertainties (FT F < I)) and € > 0. Noting that

+eDDT 0 0
eMMT = 0 0 0 |, (62)is thus transformed into
0 0 0
(AS + B,W) + (SAT + W'B)+eDD" B, SC!+W'D! | Eat E,2W)T
B! —yI DI, += 0 | Ba+EW) 0 0]<0
C.S + D W D., —yi € 0

(63)

which, by Schur Complement is equivalent (&) to

(AS + B,W)+ (SA" + WI'Bl) + eDD" B, SCI'+W'D! (E,+E,W)"

# —yl DI, 0
* * -yl 0 (64)
% * * —el

If LMI (64) has a feasible solution (in terms of S, W, 7y, ¢€), the SSF control gain K = WS -1
stabilizes the closed loop system robustly in the sense of “y-attenuation” for all admissible norm

bounded uncertainties.
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5.3 H. Dynamic Output Feedback Synthesis for CT LTI without Uncertain-
ties - INCOMPLETE)

Based on [9] and ...
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5.4 H. mixed sensitivity design(s)

The theoretical background for the “mixed sensitivity” approach to H, synthesis can be found in [5]
chapters 2,5 and 7... A brief recapitulation is depicted in Figures 3, 4, 5, 6 below...

5.4.1 Mixed sensitivity design

.....................................................

W.KS
min ||N(K)||eo, N=| WrT
" WpS

Figure 4: “mixsyn” setup for setpoint tracking (Fig3-17 from [5])
5.4.2 Selecting the filters W,, W,, W,
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We are interested in S and 1"
|L{gw)] 1 = S=L'; T==l
[Ljw)| <1 = S=1; Tza L
but in the crossover region where |L(jw)| is close to
1, one cannot infer anything about S and 7" from
|L(jw)].
Alternative:

Directly shape the magnitudes of closed-loop S(s)
and T'(s).

In order to enforce specifications on other transfer

functions:
wpS
[N|loe = maxa(N(jw)) <1; N = | wrT
- w, IS
(2.41)

N is a vector and the maximun singular value 6(N)

is the usual Euclidean vector norm:

G(N) = /|wpS|? + |wrT

2 4+ |lw,KS|? (2.42)
The H. optimal controller is obtained from
11}_111 V(K)o (2.43)

where K is a stabilizing controller

where K is a stabilizing controller. Let 7o = ming ||N(K)||~ denote the
optimal H.. norm. An important property of ‘H..-optimal controllers is that
they yield a flat frequency response, that is, (/N (jw)) = 7o at all frequencies.
The practical implication is that, except for at most a factor /n, the transfer
functions resulting from a solution to (2.79) will be close to 7o times the
bounds selected by the designer. This gives the designer a mechanism for
directly shaping the magnitudes of #(S), (T), 6(KS), and so on. A good

Figure 5: morari-2-22-new (see [5])
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The stacking procedure is selected for mathematical convenience as it does not
allow us to exactly specify the bounds on the individual transfer functions as
described above. For example, assume that, ¢ (K) and g2 (K') are two functions
of K (which might represent ¢1(K) = wpS and ¢o(K) = wyT) and that we
want to achieve

[01] <1 and |do| <1 (2.77)

This is similar to, but not quite the same as the stacked requirement

7 [@} =VIgP+ge <1 (2.78)
@2

Objectives (2.77) and (2.78) are very similar when either |¢;| or |¢o] is small,
but in the worst case when |¢1| = |¢s, we get from (2.78) that || < 0.707
and |¢2| < 0.707. That is, there is a possible “error” in each specification
equal to at most a factor v2 & 3 dB. In general, with n stacked requirements
the resulting error is at most /n. This inaccuracy in the specifications is
something we are probably willing to sacrifice in the interests of mathematical
convenience. In any case, the specifications are in general rather rough, and
are effectively knobs for the engineer to select and adjust until a satisfactory
design is reached.

Figure 6: (important explanation from [5] ch.2, p.64)

_s/M 4

. System type, or alternatively the maxinmm
steady-state tracking error, A.

4. Shape of S over selected frequency ranges.

o

Specifications may be captured by an upper hound,
1/Jwp(s)]. on ||S].

. Maximum peak magnitude of S, ||S(jw)||~ < M.

Pl s+ wp
10’

]

=
Typical specifications in terms of S: 5 i e

E10 e

= -

et B
L. Mininum bandwidth frequency wj;. A
2. Maximum tracking error at selected frequencies. 10 = 3
10 10 10 10

10
Frequency [rad/s]

Exact and asymptotic plot of 1/|up (jw)|

To get a steeper slope for L (and S) below the

handwidth:

(.5-/1\[1/3 +wf3)2

wp(s) = —(.s' = waAU?jz

Figure 7: “morariFig2-27-2-26” selecting filter W), (see [5] ch.2, p.61,62
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6 Bounded Real Lemma for Discrete Time systems (DT-BRL)

6.1 BRL as a Robust Quadratic Stability Criterion for DT-LTI Uncertain
Systems

Consider the “unforced” uncertain DT system
X1 = A(A)xi = (Ao + AA)xy = (Ag + MaAaN4)xk (65)

Definitions and control objectives similar to the CT case... see also (30) and Remark (21) about
temporary notation simplifications...

Remark 34 Note that (65) can be written as the feedback interconnection of the systems
Xier1 = AoXx + Mawk, zk = Naxk, wp = Azt (66)
Can generalize (65),(60) by including a feed—through term in the “output” equation i.e.
2 = Naxg + Dwy (67)

with the uncertain element w; = Az.
Provided that (I — A4D)~! exists, a well posedeness requirement, i.c.

(I — ApD) nonsingular YA, & > yiDTD (68)
can write
wi = Aze = wp = (I — ApD) ' AuNyxi
and the “LFT” representation of the uncertain DT system becomes
Xt = [Ag + Ma(I = Ay DY ANyl (69)
(Compare with the corresponding CT formulation in (39),(38)...)

Similarly with remark (21) we temporarily omit the “0” subscript from the nominal matrix Ay
(writing simply “A”) and the “A” subscripts from My, As, N4 (writing simply M, A, N).

Thus the problem is the investigation of robust quadratic stability conditions (equivalently sta-
bility + “disturbance attenuation”) for the norm bounded uncertain system

Xee1l = Axp + Bwy, zie = Cxi + Dwy, wy = Az, (70)

with A (Schur) stable and x(0) = 0, 0. (A) < y(é /ll)’ z being the controlled output and w the
“disturbance”.

Theorem 35 Given system (70) and assuming: A is (Schur) stable and x(0) = 0, with T(z) =
C(zl — A)'B + D € H,, the following three statements are equivalent:

o System’s Energy Gain ||T || < W, i.e

7wl

O<lweli<oo Wil

ie. (71)
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o There exists a solution P = PT > 0 of the LMI

-1
ATPA—P+C"C+(ATPB + CTD)|u?I - (B'PB+D'D)|  (BTPA+D'C)<0
g
ATPA-P+CT’C  ATPB+C'D -0
B"PA+D'C  B'PB+D'D-p*l

g
ATPA-P A"PB+C'D (T
B'PA+D'C B'PB-u*I DT |<0 (72)
C D -

Proof of Sufficiency: i.e. that “feasible BRL = H,, norm < y” is easy !!! Assuming that BRL
(72) holds for the DT LTI system in (70), the time derivative of V(x;) = x,{ka, P = PT > 0 along
the system trajectories is negative and can be expressed as

AVy = [Axg + Bwi]" P[Ax; + Bwi] — x| Pxy
T T T
R ATPA-P ATPB || x
= [wk [ B'ra  B'PB || w | <O (73)

The “disturbance attenuation” interpretation in (71) demands that z,{zk < ,uzw,{wk. Following a
procedure analogous to the one in section (4.2.1), we first note that

2z = (LT +w'D')(Cx+ Dw)
x,{CTka + x,{CTDwk + w,{DTka + w,{DTDwk

and hence the objective z] zx < p?w] wy writes as
x{ CTCxy + x[ CT"Dwy + w] D" Cxy + w (D" D — > Dwy < 0 or

x |'[ c'c ™D X o)
Wi D'C DD - 21 || we
ST,
Now starting from the “2 x 2” version of BRL in (72), pre— multiplying by Wk ] and post—
| Wk

multiplying by [ ;C}k ], and using (73), (74), we notice that feasible BRL =
k

x |" ([ ATPA—P ATPB | ¢'c Cc’D X _<0
Wi B'PA  B'PB D'C D'D -1 we |

=AVi+ 2zl g — pPwiwg <0

i.e. starting from BRL in (72) and using the assumed Lyapunov stability, it was shown that AV} +
2l ze = p*wlwi < 0. Summing this last inequality from 0 to co while taking into account that (i)

00

YAV = Vo = Vo, (i) Voo = V(x(o0)) = V(0) = 0 (due to system stability assumption) and (iii)
0
Vo = V(x(0)) = 0 (by zero initial state assumption) can write

DAV + D Gz~ Y wiw) < 0=
0 0 0

V(00) = V(0) + llzill3 — 2 llwill3 =
llzll2
[Iwll2

2 _ 2 2
llzklly < pZlwell; = T(2) =
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i.e. He norm (“Energy Gain”) less than p !!!

6.2 Alternative formulations of the DT BRL

Starting from the “2 x 2” BRL formulation in (72) can write

B'PA+D'C  B"PB+D'D-i’I
i3
[ -P 0 ] [ ATPA+CTC ATPB+C'D ] 0

[ATPA—P+CTC ATPB+CTD ]<0

0 -l B'PA+D'C B'PB+D'D
g
-P 0 |, ATP CT |[ P" O || PA PB <0
0 i B'P DT 0 I C D
g
- 0 AP (T
2 T T
0 -1 B'P D' | _ (75)

PA PB -P O
C D 0 -1

where in the last step the Schur Lemma (16) has been used. Performing now a congruent transfor-
mation on (76) via the permutation matrix

SO O~
O~ O O
SO ~O
~ o O O

can finally express alternatively the DT-BRL in (72) as

-p A" 0 CT
PA -P PB DT
0 B'P -4’1 O
c 0 D -1

<0 (76)

Note that the lower left block reflects the well posedeness requirement in (68) i.e.
I>u*D'D.

6.3 A note on the Controllability and Observability of Discrete—Time Systems
INCOMPLETE

See [10] pages 394 — 395
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7 The scaling trick for H., Analysis & Synthesis of Uncertain
Linear CT & DT Systems

The scaling trick was extensively studied in the 90’s for both CT and DT uncertain (norm bounded)
linear systems. The most generic presentation can be found in [11] although other useful approaches
can also be found in [12] and...

The trick consists into forming an “auxiliary” system without uncertainty (though depending
on the matrices appearing in the norm bounded uncertain parts of the system matrices) which is
equivalent “in the BRL sense” with the original uncertain system. This equivalence (concerning the
BRL of the two systems —original uncertain and “auxiliary” without uncertainty— also entails that an
H,, controller designed for the “auxiliary” system without uncertainty, is an H,, controller for the
original uncertain system. The presentation below is a simplified version of the results in [11].

7.1 H, control for uncertain Continuous-Time systems

Consider the uncertain linear system (“Original-Uncertain-Forced-System”)

x(t) = Aax(@®) + B,w(t) + B,u(t), x(0)=0
z(t) = Cx(t) + Dyow(t) + Dou(t) (77

and its unforced version

x(t) = Aax(®)+ B,w(), x(0)=0
z2(t) = Cox(1) + Doyyw(t) (78)

with
Ar=A+AA, AA=M,FN,, F'()F@)<I, Vt (79)

Consider now the following “auxiliary” (scaled) unforced system without uncertainty (for sim-
plicity assume D,,, = 0)

Kt = Axg O+ Y'By &My [wa(), x,(0)=0
() = [Cfif” ]xa, £>0 (80)

The following Theorem establishes an equivalence between the scaling

Theorem 36 The uncertain system (78) is quadratically stable with Hs, disturbance attenuation
y > 0 if and only if for some & > 0 the scaled auxiliary system (80) is stable with unitary H
disturbance attenuation.

The idea is that starting from the BRL corresponding to a unitary H,, disturbance attenuation for
the “auxiliary” (scaled) unforced system in (80) it is possible using equivalences to come up with
the BRL that corresponds to a H,, disturbance attenuation y > 0 for the uncertain system (78).

The proof needs the following version of Lemma 5.

Lemma 37 Given matrices G, M, N of compatible dimensions with G symmetric, the inequality

G+ MAN +NTATMT <0
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holds for all A satisfying AT A < I if and only if (&) there exists a constant € > 0 such that

1 AT 1
1, G (INT eM)
G+eMM + SN'N<0 & L <0
€ E?WT ~lan
G (em INT)]
= eMT? <0
lN _IZn

Proof of Theorem 36: The BRL corresponding to a unitary H,, disturbance attenuation for the
“auxiliary” (scaled) unforced system in (80) is

ATP+PA PM NT
MTP —yI DT
N D —yI

<0 (81)

7.2 H, control for uncertain Discrete—-Time systems

The following Lemmas are cited in and concern the Robust H,, control of linear discrete-time sys-
tems with norm-bounded time-varying uncertainty.
Consider the unforced uncertain linear system

xtk+1) = Ax(k)+ Bu(k) + Hw(k),
y(k) = Cx(k)+ Du(k) + Hyw(k)
z2k) = Ex(k) + Eyu(k) (82)

with EJE; >0
Lemma 38

2-BE CONTINUED...
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8 MATLAB code for various Robust and H., analysis & synthe-
sis approaches

Remark 39 MATLAB'’s Robust Control Toolbox Manual uses the symbol vy as system’s Hy, norm
(see e.g. “hinfsyn” command)...

...whereas in this lecture, system’s H., norm is denoted by u!!!

see for example page 8 — 7 (209/675) of “Robust Control Toolbox User’s Guide September
2007”...

...see also pages 5 — 28 (118/130) of “Getting Started with Robust Control Toolbox ver 3.3
R2007b” - chapter Interpretation of H-Infinity Norm...

8.1 MATLAB code-1: Robust CT SSF Synthesis for Uncertain CT Unstable
Sys

Consider the nominal open—loop unstable “benchmark” system G(s) = Si, with state—space descrip-
tion (double integrator in controllable canonical form)

x(t)z[ 8 (l) ]x(t)+

? ]u(t), yo=[1 0]x0

presented in Appendix 16. The uncertainties D,, E,(a), E,(B) used in the simulations are:
Daz[ 50 50 ]E:[ 11 ] E,=10

with F, being a uniform random variable taking values in the interval (-1, 1... i.e. |F,| < 1. The
initial conditions are X;u; = ( 10 =10 ).

The proposed LMI (22) in section 3.4 yields a state feedback gain K, = ( —-0.1000 —0.1000 )
Figure 8 presents the Z.I.R state response and the control signal.
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LTI with Norm Bounded Uncertainty Driven by Robust State Feedback
10 T T T T T T T

Zl(t). Zg(t)
=]

L
0.5 1 1.5 2 2.5 3 3.5 4 4.5
Time [s]

LTI with Norm Bounded Uncertainty Driven by Robust State Feedback

0 T T T T T T T

0.4

-0.8}

1.4 I I I I I I I

Figure 8: Uncertain SYSO (double integrator) State vector and control action
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8.2 MATLAB code-2: minimum H,, system norm y via BRL-LMI + “mincx”

% Example of an Linear objective minimization problem (H-infinity norm)
% disp(’Leonidas DRITSAS 26Apr08’) G = rss(5,2,2); [A,B,C,D] = ssdata(Q®);

%----- Specfiy the matrix variables

P = lmivar(l,[size(A,1) 1]); gamma = lmivar(l,[1 1]);
%————- New LMI

HinfLMI = newlmi ;

%----- Only terms above the diagonal need to be specified
Imiterm([HinfLMI 1 1 P],1,A,’s’) % AP + P’A

Imiterm([HinfLMI 1 2 P],1,B) % PB

Imiterm([HinfLMI 1 3 0],C’) % C’

Imiterm([HinfLMI 2 2 gamma],-1,1) %-gamma.I

Imiterm([HinfLMI 2 3 0],D’) %D’

Imiterm([HinfLMI 3 3 gamma],-1,1) %-gamma.I

Ppos = newlmi % New LMI

Imiterm([Ppos 1 1 P],-1,1) %P >0

LMIsys = getlmis; % Obtaining the system of LMIs

¢ = mat2dec(LMIsys,zeros(size(A,1),size(A,1)),1);
options = [le-5,0,0,0,0]; % Relative accuracy of solution

%-—-—--- Solving the minimization problem --> use mincx
[copt,xopt] = mincx(LMIsys,c, options);

%—-——-- Obtaining the optimal P and the optimal gamma
Popt = dec2mat(LMIsys,xopt,P); gammaopt =
dec2mat (LMIsys,xopt,gamma) ;

%—-———- display results
disp(’gammaopt is...’); disp(gammaopt) disp(’Popt is...’);
disp(Popt)

%----- Verify definiteness of matrix P ------—-————----
disp(’eigenvalues of Popt are...’); disp(eig(Popt)) [R1,pl] =
chol (Popt); if pl1==0

disp(’CHOLESKY VERIFIES THAT Popt is Pos-Def ’);
else

disp(’CHOLESKY SAYS THAT Popt is NOT Pos-Def --> INSTABILITY
end
%————- END
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8.3 MATLAB code-2: Robust SSF Synthesis via LMI for uncertain CT sys-
tem

The following function implements the LMI synthesis procedure (22) presented in section 3.4 for

the robust state feedback stabilization of CT LTI systems with norm—bounded uncertainty (X =

(A+AA)x(t)+ (B+AB)u(t)). The LMI (22) whose feasibility yields the desired state feedback gain
is presented below as a reminder.

(AS + BW) + (SAT + WTBT) + eDD”T (E,S + E,2W)T

(E,S + E,W) —el, <0

% function "fcn_solve_UNC_CT_LMI"
% DRITSAS 2009/2010

% disp(’function "fcn_solve_UNC_CT_LMI" Computes Robust Static
% State Feedback wu=+Kx ')

function [Sopt,Wopt,epsilonopt]=fcn_solve UNC_CT_LMI(A,B,Ea,Eb,D)

[Nx Nu] = size(B);

%= ——mmmmmmmmm e LMI SETUP -------mmmmmmmmmmomm -
setlmis([]);
%---- define S = inv(P) as SYMMETRIC

S=Imivar(l, [Nx , 1]); %% SYMMETRIC - BLOCK DIAGONAL - FULL BLOCK

%---- define W

W =Ilmivar(2, [Nu , Nx]); %W=Imivar(2, [1 , 2]); %W is 1xNx full rectangular
%---- define SCALAR epsilon

epsilon=lmivar(l, [1 1] );

Sposdef=newlmi; % newlmi Sposdef = POSITIVE DEFINITENESS OF S
Imiterm ( [Sposdef 1 1 S ],-1,1); % -S <0

%disp(’ Omitting the constraint on EPSILON gives diff results !!!’); pause
EPSILONposdef=newlmi; % epsilon > 0
Imiterm([EPSILONposdef 1 1 epsilon],-1,1); % -epsilon < ®

LDRI=newlmi;
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%--- 11 -—>

Imiterm([LDRI 1 1 S],A,1,’s’); %%’s’ --> AS + S’A’
Imiterm([LDRI 1 1 W],B,1,’s’); %%’s’ --> BW + W'B’
Imiterm([LDRI 1 1 epsilon],D,D’) % epsilon*DD’

%--- 1 2 --> S’*Ea’ + W *Eb’

%-——- BEWARE !! THE VARIABLEs "S" & "W" are TRANSPOSED !! -----

% TERMID(4) = 0 -> constant term

% TERMID(4) X -> variable term A*X*B

% TERMID(4) = -X -> variable term A*X’*B % where X is the variable identifier in LMIVAR
disp(’Recall: TERMID(4) = -X -> variable term A*Xtranspose*B ’)

Imiterm([LDRI 1 2 -S], 1, Ea’); %% S’*Ea’

Imiterm([LDRI 1 2 -W], 1, Eb’ ); %% W *Eb’

%--- 2 2 --> -epsilon*I
disp(’The IDENTITY/ZERO matrix is square n x n ’)
Imiterm([LDRI 2 2 epsilon],-1,1) % -epsilon*I

%-—- getlmis
Imisys=getlmis;

disp("LDRI: I increased OPTIONS(2)= max. num of iterations into

1500 ! )

% OPTIONS(2): max. number of iterations (Default=100)

% OPTIONS(4): when set to an integer value L > 1, forces termination when t has not
% decreased by more than 1 over the last L iterations (Default = 10).

options = [0,1500,-1,150,0] ;

% TARGET optional: target for TMIN. The code terminates as
% soon as t < TARGET DEFAULT = -1e5
target = -1le-10; %target=0

S FEASP o oo oo oo
[tmin,xfeas]=feasp(lmisys,options, target);

disp(’tmin=") ;disp(tmin)
fprint£(’\n\n’);

fprintf(’*+*** Tkt o e %
disp(’ #*%% LDRI: check tmin

disp(’*** verify pos-definiteness of the solution S ***’);
fprintf(’******************************************************’);

if tmin < 0;
disp(’LDRI_11May09: feasp LMI Feasible SINCE tmin < 0’);
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else
error(’LDRI_11May09: feasp LMI is not Feasible SINCE tmin > 0 ’);
end
% __________________________________________________________________________
% optimal S = inv(P)
O

disp(’eigenvalues of optimal S are...’); disp(eig(Sopt))
[R1,pl1] = chol(Sopt); if pl==0

disp(’--- CHOLESKY VERIFIES THAT optimal S is Pos-Def --- ’);
else

error(’-- CHOLESKY VERIFIES THAT optimal S is NOT Pos-Def’);
end

% optimal X1 --> X=X1’ & K=X*inv(Sopt)

% optimal epsilon
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8.4 MATLAB code-3: Robust SSF Synthesis via LMI for uncertain DT sys-
tem (INCOMPLETE)

The following function implements the LMI synthesis procedure presented in section 10.4 for the
robust state feedback stabilization of DT LTI systems with norm—bounded uncertainty

Xee1 = (A + AA)x; + (B + AB)uy,

[AA AB] = DF[E, E,), FTF<I

The LMI (170) whose feasibility (in terms of a positive scalar € > 0, a matrix W € R™"
and symmetric positive definite matrix § = P~! € R™") yields the desired state feedback gain
(up = WS 'x; = Kxp) is presented below as a reminder.

-S +eDDT AS + BW 0
(AS + BW)T -S (E,S +E,W)T | <0
0 (E.S + E;W) —el

function [Sopt,Wopt,epsilonopt] =fcn_solve_UNC_DT_LMI(A,B,Ea,Eb,D)
%----- DRITSAS 2009/2010

disp(’ function "fcn_solve_UNC_DT_LMI" Computes Robust Static
State Feedback u=+Kx ’)

[Nx Nu] = size(B);

%= ——mmmmmmmmm e LMI SETUP —-----mmmmmmmmmmmmmmmmmmem e
setlmis([]1);
%---- define S = inv(P) as SYMMETRIC

S=lmivar(l, [Nx , 1]); %% SYMMETRIC - BLOCK DIAGONAL - FULL BLOCK

%---- define W

W =lmivar(2, [Nu , Nx]); %W=Imivar(2, [1 , 2]); %W is 1xNx full rectangular
%---- define SCALAR epsilon

epsilon=lmivar(1l, [1 1] );

%-———————————— newlmi Sposdef = POSITIVE DEFINITENESS OF S
Sposdef=newlmi;
Imiterm ( [Sposdef 1 1S ],-1,1) % -S <O

Jom—mm POSITIVE SCALAR epsilon > 0
%disp(’ Omitting the constraint on EPSILON gives diff results !!! ’)
EPSILONposdef=newlmi; %%

Imiterm([EPSILONposdef 1 1 epsilon],-1,1);% -epsilon < 0

9= —=————~ 11
Imiterm([LDRI 1 1 S],-1,1); % -S
Imiterm([LDRI 1 1 epsilon],D,D’) % epsilon*DD’
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%-------- 1 2 --> A*S + B*W

Imiterm([LDRI 1 2 S], A, 1); %% A*S

Imiterm([LDRI 1 2 W], B, 1 ); %% B*W

disp(’The three ZERO matrices in the first row are square n x n ’)
% —————- 1 3 -—>

Imiterm([LDRI 1 3 0],zeros(Nx));

%———————- 22 --> -5

Imiterm([LDRI 2 2 S], -1,1);

%%69% 2 3 --> BEWARE !! THE VARIABLEs "S" & "W" are TRANSPOSED
% TERMID(4) = 0 -> constant term

% TERMID(4) X -> variable term A*X*B

% TERMID(4) = -X -> variable term A*X’*B

% X is the variable identifier returned by LMIVAR

disp(’ TERMID(4) = -X -> variable term A*Xtranspose*B ’)
Imiterm([LDRI 2 3 -S], 1, Ea’); %% S’*Ea’

Imiterm([LDRI 2 3 -W], 1, Eb’); %% W *Eb’

do——————=~ 3 3 --> -epsilon*I
Imiterm([LDRI 3 3 epsilon],-1,1) % -epsilon*I

Fom—mmmmm getlmis

disp(’LDRI: I increased OPTIONS(2)= max. number of iterations

into 1500 !!! 7)

% OPTIONS(2): max. number of iterations (Default=100)

% OPTIONS(4): when set to an integer value L > 1, forces termination when t
% has not decreased by more than 1 over the last L iterations (Default = 10).
options = [0,1500,-1,150,0] ;

% TARGET optional: target for TMIN. The code terminates as
% soon as t < TARGET DEFAULT = -1e5
target = -1le-10; %target=0

Ymmmmmmmmmmmmm e FEASP ~ - mmmm e e e e e e e
[tmin,xfeas]=feasp(lmisys,options,target); disp(’tmin=");
disp(tmin)

if tmin < O;
fprintf(’\n’); fprintf(’:‘:-.‘:*-k:'::':-.‘:* Fode s e de e g e e e g e R e e e e Y ) fprintf(’\n’);
disp(’LDRI_11May09: feasp LMI Feasibl SINCE tmin < 0’);
fprint £ Fkwkndiedididndtikidknk whwknks ). fprintf(’\n’);

else
fprintf£(’\n’); fprintf(’ *¥¥wwwsdiiirnss [ M not Feasible #*#¥ ¥ttty ,
fprintf(’\n’);
error (’LDRI_11May09: feasp LMI is not Feasible SINCE tmin > 0 ’);
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fprlntf( Y dede eSSk NSk N AN h b h kb bk Rk ’) ; fprintf(’\n’) ;
end

fprint£(’\n\n’);

fprint£(’ **
disp(’ *** get the solutions verify pos-definiteness of S ***’

fprintfcl-.':-k: Tedededdd Tk Fdd

*

disp(’eigenvalues of optimal S are...’); disp(eig(Sopt))

Y m e
[R1,pl1] = chol(Sopt); if pl==0

disp(’--- CHOLESKY VERIFIES THAT optimal S is Pos-Def --- ’);
else

error(’-- CHOLESKY VERIFIES THAT optimal S is NOT Pos-Def’);
end

% optimal epsilon

epsilonopt=dec2mat(lmisys,xfeas,epsilon)

8.4.1 Numerical Result: Robust DT SSF Synthesis for Uncertain CT Unstable Sys

with state—space de-

Consider the nominal open—loop unstable “benchmark” system G(s) = %01‘“

scription (controllable canonical form)

x(t)z[ 8 _(]).1 ]x(r)+

presented in Appendix 16. The nominal system is discretized with & = 0.1s, yielding

(1) ]u(t), (1) =[ 0.1 0 ]x(t)

oo | 100995 ]| 0.0050
2710 09900 |° ©¢ 7| 0.0995

The norm bounded discrete—time uncertainties D, E,(«), E»(8) used in the simulations obey the
following structure:

D = sysfactor « [—1; 1]; Ea = sysfactor = [-1 1]; Eb = sysfactor * 1;

hence

AA = (sysfactor)z[ _11 _11 ]f, AB = (sysfactor)[ _11 ]f, Ifl<1
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The LMI (170) was found infeasible for sysfactor > 0.35 whereas for sysfactor = 0.35, the
robustly stabilizing state feedback gain was computed as

K:[ ~14.1930 -9.6521 ]

yielding a zero—input-response shown below in Figure 9 when the initial conditions are Xj,; =
[ 10 -10 |

State Vector zi(k), x2(k), Uncertain DT Dynamics - Robust SSF (LMI Design)
10 T T T T T T T T T

1
T2

Figure 9: State vector of the Uncertain SYS7 (sysfactor = 0.35)
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8.5 MATLAB code-4: H,, SSF synthesis INCOMPLETE)
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8.6 MATLAB code-5: Using ‘“hinfsyn/mixsyn” commands for H., synthesis
(INCOMPLETE)

clear all; clc ; close all fig=5;

disp(’ "
disp(’LDRI 09Sepl® + 27Dec®07 --> Using mixsyn...’) ;

%———

disp(’This is a version including Wt (along with Wp,Wu) ’)

disp(’ "
disp(’======= SIMULINK QUANTITIES ============")

y___

Unif_Rand_Number_Amplit=1;

y_ref = 1%0

%---- step DISTURBANCE

step_final_value_disturb = +0.5*y_ref;

step_time_disturb = 20 ;%% Starting Time for DISTURBANCE "step"
%---- pulse DISTURBANCE

pulse_disturb_amplitude = +0.5*y_ref; %+1;

pulse_disturb_period = 0.50;

disp(’ "
s=tf(’s’);
disp(’ )

disp(’ Default PLANT Gtf = (200) / (10s + 1 ) (0.05s + 1)72 &

Zero Init_Conditions ’)

disp(’ )
Gtf = (200)/(C (10%s+1)*(0.05*s+1)"2 )

pole(Gtf) ; tzero(Gtf)

Gss = ss(Gtf)

[G_Nx G_Nu] = size(Gss.b)
xinit_Plant = zeros(G_Nx,1)

YWEIGHT Wp = (s/M + wb)/ (s +wb*A) , Wu =1

disp(’ D)
disp(’ Sensitivity weight Wp== (s/M+wb)/(s+wb*A) and 1/Wp are

BOTH Stable M)

%____

disp(’NOTE: a value of A = 0 in Wp would ask for integral action

in the controller’)

wb=10; % Closed loop bandwidth, wb
M=1.5; % desired bound on hinfnorm(S) & hinfnorm(T)
A=10"-4; % desired disturbance attenuation inside bandwidth

disp(’*** Wp = Sensitivity weight (zpk FORMAT)’)
Wp = (s/M+wb)/(s+wb*A); Wp_zpk=zpk(Wip) % Sensitivity weight
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disp(’*** inviip = inverse of Sensitivity weight Wp (zpk FORMAT)’)
inviip = 1/Wp ; inviWp_zpk=zpk(inviip)

if isstable(Wp)==

disp(’*** Wp stable’); %disp(’ *** pole(Wptf) *** ’); pole(Wp)
else

disp(’ *** pole(Wptf) *** ’); pole(Wp)

error(’*** Wp UNSTABLE’)
end

if isstable(invWip)==
disp(’*** inviip stable’);

else
disp(’ *** pole(invWp) *** ’'); pole(inviip)
error(’*** inviip UNSTABLE’)
end
disp(’ )

disp(’ Wt=1/Wi = weight on T (noise attenuation at high-freq) ’)
Wt=(s+wb/M) /(A*s+wb); Wt_zpk=zpk(Wt)% Complementary sensitivity weight
disp(’ invWit = inverse of Complementary Sensitivity weight Wt(zpk
FORMAT) ’)

%____

inviit=1/Wt; inviWt_zpk=zpk(inviit)

%____

disp(’ pole(Wt) ’);pole(Wt)

disp(’ *** pole(invWt) *** ’);pole(invWt)

figure(fig); fig=fig+l;

bodemag (invWp, 'b’, invWt,’g’)

title(’Bode-mag of 1/Wp, 1/Wt’) hh=legend(’$|1/W_{p}(j\omega)|$’,
"$11/W_{t}(j\omega) |$’,12);

set(hh, 'Interpreter’,’latex’,’FontName’, ’Times New

Roman’,’ fontsize’,12)

disp(’ D)
%———

disp(’ Control ("Input Sensitivity) weight Wu=1 ’)

Wu=1; % Control weight

disp(’ ’)
disp(’ mixsyn syntax ’)

disp(’ [K,CL,GAM,INFO]=
mixsyn(G,W1,W2,w3,KEY1,VALUE1l,KEY2,VALUE2,...) ’)

disp(’is equivalent to
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[K,CL,GAM, INFO]=hinfsyn((G,W1,W2,W3),KEY1,VALUE1,KEY2,VALUE2,...) ")

disp(’NOTE: This version includes Wt (along with Wp,Wu) ')
disp(’ )

% In our case CL = [W1*S; W2*K*S; W3*T] = N = [Wpl*S; Wu2*K*S; W3=empty]

[Kmixsyn_ss, N, GAMMA_mixsyn, INFO] = mixsyn(Gss,Wp,Wu,Wt);
disp(’* VERIFY that "mixsyn = hinfsyn(augw(Gss,Wp,Wu,Wt))" *’);

[Khinfsyn_ss, ghinf, gopt_hinfsyn] = hinfsyn(augw(Gss,Wp,Wu,Wt))

disp(’ !)
disp(’LDRI: THE Hinf-mixsyn CONTROLLER is returned by mixsyn in
"ss" format’)

%____

disp(’ Set Zero Initial-Conditions Hinf-mixsyn CONTROLLER ’)
disp(’ !)
Kmixsyn_ss % THE Hinf-mixsyn CONTROLLER

[K_Nx K_Nu] = size(Kmixsyn_ss.b) xinit_Kss = zeros(K_Nx,1)

disp(’== Kmixsyn_tf = Hinf_mixsyn CONTROLLER in TF FORMAT =====")
Kmixsyn_tf = tf(Kmixsyn_ss) % K = tf(Kss);
disp(’== Kmixsyn_zpk = Hinf mixsyn CONTROLLER in zpk FORMAT=====")

Kmixsyn_zpk = zpk(Kmixsyn_tf)

%____

disp(’ *** poles of Hinf_mixsyn CONTROLLER *** ’)
pole(Kmixsyn_zpk)

fprintf£(’\n\n’);

disp(’ )
disp(’LDRI: CALCULATE TRANSFER-FUNCTIONS L, S, T and their Hinf
NORMS ’);

disp(’ »)

L = Gtf*Kmixsyn_tf ; % L2= G*Kmixsyn_ss ; % also valid !!!!
%-- Sensitivity

S= inv(1+4L) ; %S=minv(madd(1l,L));

%-- Complementary sensitivity

T=1-S ; Tzpk=zpk(T)

7___

disp(’ poles of T(s) with Hinf mixsyn CONTROLLER ’);

pole(Tzpk)

%-- KS

R=Kmixsyn_ss*S ;

disp(’==== Compare GAMMA_mixsyn <==> N_peak= norm(N,inf) ===== ")
S_peak = norm(S,inf) %
T_peak = norm(T,inf) %
N_peak = norm(N,inf) %
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fprint£(’\n\n’);

disp(’ !)
disp(’LDRI: SIGMA PLOTS... ’);
disp(’ 1)

figure(fig); fig=fig+1l; sigma(S,’b’, T,’g’, GAMMA_mixsyn/Wp,’'r-.’,
GAMMA_mixsyn*Gtf/ss(Wu),’k-.")

hh=1egend(’ $\sigma(S)$’,’ $\sigma(T)$’ ,’$\gamma/W_{p}$’,
*$\gamma*G/W_{u}t$’ , 12)

%___

set(hh, 'Interpreter’,’latex’,’FontName’, ’'Times New

Roman’,’ fontsize’,12)

figure(fig); fig=fig+l;
sigma(S, N_peak/Wp,’'r-.’); %sigma(S,1/Wp,’-.");
title(’|S| and \gamma/|W_{p}| using "sigma" ’);

hh=legend(’$|S(j\omega) |$’, ’$\gamma/|W_{p}(j\omega)|$’,12)
set(hh, 'Interpreter’,’latex’,’FontName’, ’'Times New
Roman’,’ fontsize’,12)

figure(fig); fig=fig+l;
sigma(T, N_peak/Wt,’r-.’); %sigma(S,1/Wp,’-.");
title(’|T| and \gamma/|W_{t}| using '"sigma" ’);

hh=legend(’$|T(j\omega) |$’, ’$\gamma/|W_{t}(j\omega)|$’,12)

set(hh, 'Interpreter’,’latex’,’FontName’, ’'Times New
Roman’,’ fontsize’,12)

figure(fig); fig=fig+l; step(T,3); xlabel(’Time’);ylabel(’y’);
title(’Tracking a STEP: the step response of T ;3
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u(t): Control Action
T

Figure 10: Mixed sensitivity result - W,,, Wu, Wt design - multistep command
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u(t): Control Action
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Figure 11: Mixed sensitivity result - W,, Wu design - multistep command

L. Dritsas PhD 2020



L. Dritsa’s Notes on H,,, Robust Control, LMIs

9 Guaranteed Cost Control (GCC) of Uncertain Discrete Time
Systems with State and Input Delays

Presentation is primarily based on [6] i.e. the paper by L. Yu and F. Gao “Optimal guaranteed cost
control of discrete-time, uncertain systems with both state and input delays”, Journal of the Franklin
Institute, vol. 338, 2001, p.101-110.

The Generic Case and Three Special (Sub)Cases of the GCC Approach

e The most Generic Casel: GCC Synthesis for uncertain DT system with state and input delays
1.€. Xpp1 = A+ AA)x + (A1 + AADxp—g + (B + AB)uy + (B + ABl)uk_h

e Case2: GCC Synthesis for uncertain DT systems with only Input Delay i.e. xz; = (A +
AA)x; + (B + AB)uk + (By + ABy)uy_y,

e Case3: GCC Synthesis for uncertain DT systems with only State Delay i.e. x4 = (A +
AA)x; + (B+ AB)uy + (Ap + AAD)xp_g

e Cased: GCC Synthesis for uncertain DT systems without Input or State Delay i.e. xp =
(A + AA)x; + (B + AB)uy

9.1 The generic GCC Problem Setup & closed-loop Stability Analysis
Open-loop DT system with state and input delays and uncertain dynamics

Xke1 = (A + AA)x + (A1 + AA ) X—g + (B + AB)uy + (B1 + ABy)ug—p, (83)
with x € R" and u € R™

e d and h are unknown constant integers representing the number of delay units in the state and
input, respectively, bounded as 0 < d < d*, 0 < h < h* with bounds d*, h* being known

e A, Ay, B, B; are known real constant matrices of appropriate dimensions

e uncertain matrices AA, AB, AA;, AB, represent time-varying parameter uncertainties in the
system model, satisfying

[AAAB AA; AB] = DF [E, Ey E; E}] (84)
e D, E, E, E; E;, are known real constant matrices of appropriate dimensions describing the
structure of uncertainties

e the unknown (time-varying) matrix F satisfies FTF < I, Vk

Associated with the uncertain open—loop system (83) is the cost function

J =" |x( Oxi + uf Ru| (85)
k=0

with @, R > 0 being symmetric and positive definite matrices of appropriate dimensions. Assum-
ing that the system state is available for feedback, the objective is the design of a memoryless state
feedback control law u; = Kx;, such that for any admissible uncertainty F the resulting closed—loop
system is not only asymptotically stable but also guarantees the satisfaction of the bound J < J*
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with the constant positive scalar J* being independent of the uncertainties. Then J* is said to be
a guaranteed cost and u; is said to be a guaranteed cost control law. The rationale behind this last
objective is to incorporate performance objectives into the (stabilization) design procedure.

Closing the loop in (83) with u; = Kxy, the closed—loop dynamics are

[A+ BK + AA + ABK] x; + [B; + AB1] Kxy_p, +

[A1 + AA] Xp—a

= [A+BK+DF(E,+ E,K)| x; + [B1 + DFE,] Kxp_, +

[A1 + DFE ] x¢-a

Ac(k)xy + Br(k)Kxg—p + Ap(k)Xk—q (86)

Xk+1

2

with the uncertain matrices Ac, By, Ap, defined as
Ac = A+ BK + DF(E, + E,K), By = B, + DFE,, Ap = A, + DFE, (87)

The cost function associated with the closed—loop system (86) is

(o]

Ju = k; xf [0+ K"RK| x (88)

9.2 GCC Analysis: Sufficient condition for the existence of SSF solution to
GCC

The symbol “+” induces symmetry as usual in the LMI literature.

Theorem 40 The control law u; = Kx; is a guaranteed cost controller if there exist symmetric
positive definite matrices P, Py, € R™", T € R™™ such that for any admissible uncertain matrix F
the following matrix inequality holds:

I ALPA) ALPBy
« ALPAp-P;, ALPBy |<0 (89)
* * BLPBy —T
where
I = ALPAc-P+P,;+K'TK +Q+K'RK
= ALPAc+A (90)

with the obvious definition for A and the uncertain closed—loop system matrices Ac, By, Ap already
defined in (87). Moreover the closed-loop cost function satisfies

Jou < J*

d h
ngxO + Z xZide_i + Z xziKTTKx_i

i=1 i=1

Anax(UT PU) + d* A (UT PyU) + B A (UT KT TKU) 91)

IA

Proof: Defining
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o the “positive with respect to x;”” function
d h
VIl = Vi VE+ Ve = Pxct ) Paxici+ » xp KTTKx (92)
i=1 J=1

with P, P;, T > 0 being symmetric positive definite matrices of appropriate dimensions,

X

Xi—a | € R which allows to write the closed-loop

Kxp—p

e the augmented state vector & =

dynamics (86) as
Xir1 = AcXg + ApXj—q + ByuKxi—y, = [Ac Ap Bylér,

the forward difference AVy = V%', — V%" along the trajectories of the closed-loop system (86) can be
expressed in terms of & as follows:

AV;~term:
h h
AV/? = [ZxI{HIKTTkaH_J]— Zx{ijTTKXk—j
j=1 j=1
= x] K'TKx; — x{_, K" TKx;_y
K'TK 0 0
=& 0 0 0 |& 93)
0 0 -T
AVf—term:
d d
AV,? = [leil—ipdxk“—i]_[le{—ipdxk—i ZXI{dek—x]{_dexk_d
i=1 i=1
P, 0 O
= &1 0 -P; 0 |& (94)
0 0 o0
AV, ~term:

o OO

P 0
V,: = x,fok can be written as fkT { 0 0 ].;’—‘k with the matrix dimension being (2n + m) X
0 0

(2n+m). Using xi.1 = [Ac Ap Bylé& the V], | term writes as
Via = X, Pxo =€ [Ac Ap Byl" P[Ac Ap Bulé

ALPAc ALPAp, ALPBy

&l * ALPAp ALPBy |&

* * Bl.PBy
and hence
ALPAc —P ALPAp ALPBy
AV =V, -V =¢ x ATPA, ALPBy |& (95)
x *  BLPBy
61
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Combining (93),(94),(95)

AV = AV + AV} + AV}
ALPAc -P+P,;+K'TK ALPAp ALPBy
= & * ATPAL—P; APBy |&
* * B, PBy —T

Recalling the definition IT = ALPAc = P+ Py + K'TK + Q + K'RK from (187), the (1, 1)-element
writes as IT — (Q + KT RK) and the previous expression for AV} becomes

I1-(Q + KTRK) ALPAp ALPBy
AVP =& * ATPAp-P;  ALPBy &
* * BLPBy - T
I ALPAp ALPBy (O+K'™RK) 0 0
= &\ « ALrPA,-P, ATPBy |- * BRI
s - BLPBy - T % * 0

From the assumption about the negative definiteness of the matrix appearing in Theorem 68, it
is clear that the “wish” for AV} < 0 is indeed satisfied since (in that case)

O+K'RK 0 0

AV < g * 0 8 &
*k k
= —x{ [0+ K"RK|x,
< —min(Q + K"RE)||xil* < 0. (96)

Noting that Q + K" RK > 0, the fact that AV{”" < 0 implies asymptotic (quadratic) stability (must
use “partial” stability arguments). Furthermore

x; [0+ K"RK|x < AV = Vi = Vi,

N
Summing both sides of the last inequality from k = 0 to k = N yields } x| [Q +K TRK] xp <
k=0

Vi = Vi
Letting N — oo, while using the already proven (asymptotic) stability of the closed-loop system
(i.e. that as N — oo both xy — 0 and V{7 (xy) — 0),

Ja= x{ [0+ K'RK]x < Vi
k=0
d h
= xI Pxo + Z XL Pux_i + Z LK TKx_ 2 97)

i=1 i=1

The guaranteed cost J* in (97) depends only on the initial conditions, and not on the uncertainties.

To remove this dependence on the initial condition, there are two approaches: the stochastic
approach and the deterministic method (adopted here) where it is assumed that the initial state of the
system (83) is arbitrary but belongs to the set x_; € R" : x_; = Uy, uiTu,- <1,i=0,1,2,...,d
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where U is a given matrix and d = max{h*, d*}. The cost bound then obeys

J*

d h
ngxo + Z xzide_i + Z x:»KTTKx_i

i=1 i=1

nax(UT PU) + d* Aax(UT PgU) + B Ao (UT KT TKU)

IA

This completes the proof of the theorem. O
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9.3 GCC Synthesis for systems with state and input delay

Theorem 41 For the uncertain system (83) and the cost function (85) there exist symmetric positive-
definite matrices P, T such that matrix inequality (89) holds for all admissible uncertainties if and
only if there exist a positive scalar € > 0, a matrix W € R"™" and symmetric positive definite
matrices S = P71 € R™" M = P;' € R, N = T~' € R™" such that the following LMI is

satisfied.
[ -S +eDD" AS +BW AM BN 0 0 0
* -S 0 0 (E,S + E,w)l sT w7
* * -M 0 MEY 0 0
* * x =N NE; 0 0
* * * * —el 0 0
* * * * * -M 0
* % * * * 0 -N
* % * * * 0 0o -
* * * * * 0 0

oclQQoocococoocwo

< 0.

[l eNeleNe]

R |
(99)

Furthermore, if matrix inequality (189) has a feasible solution in terms of the variables {e, W, S}
then the state feedback control law w, = WS ~'x; is a guaranteed cost control law and the corre-

sponding closed-loop cost function satisfies
J < (1 + 1) Amax(UTST'U) + d* Aax (U M7 U)
Proof: Recalling from (187) the definitions
1= ALPAC—P + Py + K'TK + Q + KTRK = ALPAc + A, with

A2 -P+P;+KITK+Q+K'RK = AT,
the matrix inequality (89) in Theorem 68 i.e.

I ALPAp ALPBy
x ATPAp-P; AJPBy |<O0
* * BLPBy —T
can be decomposed as
ALPAc ALPA, ALPBy A 0 0

* ALPAp, AJPBy |+| 0 -P; 0 [=

* * Bl PBy 0 0 -T
AL A 0 0
AL |P[Ac Ap Byl+| 0 -P;, 0 |<0
B}, 0 0 -T

which by Schur complement (see Lemma 17) is equivalent to

-p! Ac Ap By
AL A 0 0
AL 0 -P; 0
B 0 0 -T

(100)

(101)

(102)

Substituting in (102) the defining expressions of the uncertain matrices from (87), i.e.
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e Ac = A+ BK + DF(E, + E,K)
e By =By +DFE,
e Ap=A, +DFE,

and separating the nominal from the uncertain parts (i.e. those including matrix F), (102) can be
equivalently written as

-p! A+BK A, B
(A + BK)T A 0 0 .
AT 0 -P; O
B 0 0 -T
D
0
0 F[ 0 (E,+EK) Eq Ep | +
0
p 1
T _p 0
[ 0 (E,+EyK) E; Ej ] FT| o | <0 (103)
0
D
Inequality (193) is clearly of the form G + MAN + NTATM”T < 0, with A - F, M — 8
0
+eDD” 0 0 0
r 0 0 0O C e
hence eMM"' = 0 00 0 ,N—>[ 0 (E,+E,K) E; E, ]andlts G”—part sym-
0 0 0 O
metric.

Hence Lemma 5 can be used to transform (193) into the following equivalent “G + eMM" +
LNTRN” inequality (valid ¥ admissible F and € > 0)

—-P'+¢eDDT A+BK A, B

(A+BK)" A 0 0
(193) & Je>0, AT 0 P, 0
BIT 0 0 -T
0
1 T
+ 1| EatEK) | 0 (E.+EK) Es Ey <o,
€ Ed
T
E,
(104)
which, by Schur Complement is equivalent (&) to
-P'+eDDT  A+BK A, B 0
(A + BK)T A 0 0 (E,+EK)T
Al 0 -P; 0 Eg <0 (105)
BIT 0 0o -T E,{
0 (Ea + EbK) Ed Eh —el
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Remark 42 (the important trick here is to leave the term
0

(E, + E,K)T
T
Eq
Eh

1
€

| 0 (E.+E,K) E, E, |inthe LMI(194) “as is” - do not multiply)

Introducing the variables

S=P"', M=P;', N=T"', W=KP'=KS (106)
and performing a congruent transformation on inequality (194) by pre- and post- multiplying both
sides of it by the nonsingular, symmetric block —diagonal matrix diag(Z, P~', P;,",

LT D =
this last LMI is equlvalently transformed in
LMI {[194]}

diag(1,S, M, N, I),
941} < 0 & diag(l, S, M N,I) LMI {[194]} diag(I,S,M,N,I) <0

pre- multiplying:

-S +eDDT A+ BK

A] Bl O
(A + BK)T A 0 0 (E,+E,KT
diag(1,S, M, N, 1) Al 0 -P;, 0 E} =
B 0 0 -T E]
0 (Eu + EbK) Ed Eh —el
-S+eDDT  A+BK A, B, 0
S(A + BK)T SA 0 0 S(E,+EK)NT
MAT 0 -1 0 ME?
NB 0 0 -I NE]
0 (Ea + EbK) Ed Eh —€l
post- multiplying:
-S+eDD" A+BK A B 0
S(A + BK)T SA 0 0 SE+EKT
MAT 0 -1 0 ME? diag(I, S, M,N,I) =
NB] 0 0 -1 NE]
0 (E,+E,K) E; E, —el
-S+eDDT  (A+BK)S AM BN 0
S(A + BK)T SAS 0 0 SE,+EKT
MAT 0 -M 0 ME} =
NB! 0 0 -N NE]
0 (E,+E,K)S E;M E,N —€l
-S +eDD”  (AS +BW) AM BN 0
(AS + BW)T SAS 0 0 (E,S+EW)T
MAT 0 -M 0 ME <0
NB! 0 0 -N NE]
0 (E,S + E,W) E;M E;N —el
(107)
Using now
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e the fact that S = S7,
e the definition of A from(187),
e the definitions in (106),

the (2,2)—element S AS in the last inequality (195) writes as

SAS

S[-P+P;+K'TK + Q + K"RK]S
SI-ST'+M '+ K'N'K + 0+ K'RK]S
~S+SM7'S + WIN'W +S0S + W'RW.

Now
e single out the —S term,

e and express the (remaining) term
SM™'S + WIN-'W + S0OS + WI'RW as

S OO

MTdiag(M~", N-', O, R)M with M =

=l el Ne)
[l el Ne)

S
w
S
w

(=il e)

0

(Verify by carrying out the matrix multiplications. The result is a 5 X 5 “all-zero—matrix” except its
(2,2)—element which is SM~'S + WIN~!W + 5 QS + WI'RW)
Then LMI (195) becomes

-S +eDD"  (AS + BW) A/M BN 0
(AS + BW)T -S 0 0 (ES +E,W)T
MAT 0 -M 0 ME +
NB] 0 0 -N NE]
0 (E,S + E,2W) E;M E,N —el
M7t 0 0 0
-1
mT 8 NO g 8 M<0 (108)

0 0 O R

which by Schur complement (see Remark 43 below) is equivalent to the LMI (189) of Theorem 69.
This completes the proof of the theorem. O.

(Proof of (100) still missing !!!)

Remark 43 Use the fact that

M7t 0 0 0 -M 0 0 0
0 N' 0 0] 0 -N 0 0
0 0o 0 0| 0 0 -0' o
0 0 0 R 0 0 0 -R!

If the demand for guaranteed cost is alleviated, following the same lines of the proof of Theorem
69, it is easy to prove the following Corollary.
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Corollary 44 For the uncertain system (83) (with input and state delays) there exist symmetric

h
positive-definite matrices P, Py, T such that AV, = V7', =V|** < 0 (with V}*" = x,{ka+ > x,{_jKT TKxy—j+
J=1

d
> xZ_idek_,- defined in (191)) holds for all admissible uncertainties if and only if there exist a pos-
i=1

itive scalar € > 0, a matrix W € R™" and symmetric positive definite matrix S = P~' € R"™",
M = P;l e R™m N =T~ € R"™M such that the following LMI is satisfied.

[ -S +eDD" AS +BW A/M BN 0 0 0
* -S 0 0 (ES+EWT s wr
* * -M 0 MEY 0 0
. x s -N NE! 0o 0 |<o (109)
* * * * —el 0 0
* * * * -M 0
* * * * * 0 -N |

Furthermore, if matrix inequality (190) has a feasible solution, in terms of the variables {€, W, S},
then the state feedback control law w, = WS ~'x; = Kxy is a robustly stabilizing control law. O

LMIs (190) is a ’subset of the Generic” LMI (189) formally derived after removing the “appro-
priate” rows and columns i.e. the last two rows and columns containing the matrices Q, R.
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10 Three interesting (Sub)Cases of the generic GCC Problem
(& Application to NCS)

e Casel: GCC Synthesis for uncertain DT systems with only Input Delay i.e. xzy = (A +
AA)xy; + (B + AB)uy + (B + ABy)uy—p,

e SubCasela: Application of Casel to NCS with “small” input delay

e Case2: GCC Synthesis for uncertain DT systems with only State Delay i.e. x1 = (A +
AA)x; + (B+ AB)up + (A1 + AAD)xp_g

e Case3: GCC Synthesis for uncertain DT systems without Input or State Delay i.e. xp =
(A + AA)xi + (B+ AB)uy

Note that —as expected— for all the above cases the synthesis LMIs (to be derived) are a ”’subset
of the Generic” LMI (189) after deleting the “appropriate” rows and columns.

10.1 GCC Analysis & Synthesis for uncertain DT systems with (only) Input
Delay

Open—loop DT system with state and input delay (NO STATE DELAY = A; = AA; = E; = 0)
and uncertain dynamics

Xk+1 = (A + AA)xk + (B + AB)I/tk + (B1 + ABl)uk_h (1 ]O)
with x € R" and u € R and (since A1 = AAy = E; = 0)
[AA AB AB,] = DF [E, E, Ej] (111)

with unknown (time-varying) matrix F satisfying F7 F < I. Furthermore / is an unknown constant
integer (delay units in the input), bounded as O < & < h* with &* known.
The cost function is the same as in (85). The closed—loop dynamics with u; = Kx; are

[A+ BK + AA + ABK] x; + [B; + AB;] Kxj—,
[A+ BK + DF(E, + E,K)] x; + [B; + DFE,] Kxi_y,
Ac(k)x, + By(k)Kx;_p, (112)

Xk+1

>

with the uncertain matrices Ac, By, defined as

Ac = A + BK + DF(E, + E,K), By = B, + DFE, (113)

10.1.1 GCC Analysis for systems with (only) Input Delay

The sufficient condition for the existence of memoryless state feedback GCC law is a special “case”
of Theorem (68)

Theorem 45 The control law u;, = Kxi is a guaranteed cost controller for (110) if there exist
symmetric positive definite matrices P € R™" T € R"™" such that for any admissible uncertain
matrix F the following matrix inequality holds:

I ALPBy

e BPBy o1 | <O (114)
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where

=
1>

ALPAc-P+K'TK + Q+ K'RK

1>

ALPAC + A (115)

with the obvious definition for A and the uncertain closed—loop system matrices Ac, By already
defined in (113). Moreover the closed-loop cost function satisfies

h
Jo < J° = xDPxo + Z T KTTKX_; < Apax(UT PU) + h* 2,00 (UT KT TKU) (116)
i=1
Proof: Defining

o the “positive with respect to x;” scalar function

h
VI = Vi + Vi = xf P+ ) xp K TKx (117)
j=1
with P, T > 0 being SPDef matrices of appropriate dimensions,
Xk
KXp—p
Xee1 = Ac(k)xi + Ba(k)Kxi-n = [Ac Brl&k

the forward difference AV), = Vi’fl - V,i”’ along the trajectories of the closed-loop system (112) can be expressed in terms of
& as follows:

o the augmented state vector & 2 J € R+ which allows to write the closed-loop dynamics (112) as

AV/)~term:

0 0
term writes as

. P
Vkl = x]{ka can be written as f{ ( 0 )fk

Using x;11 = [Ac Brlé&, the V;

k+1
Vig = X Pxisi =& [Ac Bul" P[Ac Bulé
ATPAc ALPB
- .f,f[  Bpay ]fk
H H
and hence
ATPAc-P ALPB
1 _yl _yl_er| AclAc H
AVp =V, =V fk[ ) B,iPBH &k (118)
AVs—term:
h h
AV = 1 K TR x| = | D KT TR
j=1 j=1
= xl KTTKx - x]_, K TKxi_y,
K'TK 0
T
= fk( 0 T )fk (119)
Combining (119),(118)
AV = AV +AV]
T T T
e ALPAc - P+ KTTK ALPBy &
ok * BIPBy—T |°

Recalling the definition [T = ALPAc — P+ K'TK + O + KTRK = ALPAc + A (see (115)) the (1, 1)-element writes as
I1 - (Q + KTRK) and the previous expression for AVIZ‘” becomes

. I ALPB KTRK) 0
AV =§,{([ . Bl BT ]_[ ey ])f"

L. Dritsas PhD 2020 70



L. Dritsa’s Notes on H,,, Robust Control, LMIs

From the assumption about the negative definiteness of the matrix appearing in Theorem 45, it is clear that the “wish”
for AV;?" < 0 is indeed satisfied since (in that case)
* 0

T
AV < _fkr[(Q+KRK) o]fk

-xi |0+ K"RK| x

IA

~Amin(Q + KTRK)|Ix¢l* < 0. (120

Noting that Q + KTRK > 0 the last inequality implies asymptotic (quadratic) stability (must use “partial” stability
arguments).
Following the same arguments as in Theorem (68) the closed-loop cost function satisfies

o

Ja= ) xf |Q+K"RK|xi < Vi
k=0

h
=xgPxo+ » X KT TKx; 2 J° (121)
i=1
The guaranteed cost J* in (121) depends only on the initial conditions, and not on the uncertainties.
Adopting the deterministic method to remove this dependence on the initial condition, it is assumed that the initial state
of the system (110) is arbitrary but belongs to the set x_; € R" : x_; = Uu;, ul.Tu,- <1,i=0,1,2,...,h* where U is a given
matrix. The cost bound then obeys

h
J 2 b Py + Z XD KT TKx_; < Apan(UT PU) + 1 Ao (UT KT TKU) (122)
i=1

This completes the proof of the theorem. O

10.1.2 GCC Synthesis for systems with (only) Input Delay

Theorem 46 For the uncertain (input delayed) system (110) and the cost function (85) there exist
symmetric positive-definite matrices P, T such that matrix inequality (114) holds for all admissible
uncertainties if and only if there exist a positive scalar € > 0, a matrix W € R™" and symmetric
positive definite matrices § = P~ € R™" N = T~! € R™" such that the following LMI is satisfied.

[ -S +eDD” AS + BW BN 0 0 0 0
* -S 0 (E,S+EWT wl § wT
* * -N NE] 0 0 0
* * * —el 0 0 0 < 0. (123)
* * * % -N 0 0
% % % % —Q’1 0
| * * * * * —R7

Furthermore, if matrix inequality (123) has a feasible solution in terms of the variables {€, W,
S, N } then the state feedback control law w, = WS~'x; is a guaranteed cost control law and the
corresponding closed-loop cost function satisfies J < (1 + h*) Ao (US ~'U)

Remark 47 Note that the LMI (123) of Theorem 46, results from the “Generic” LMI (189) after
removing the third row/column (containing M, Ay, E; which are “zero” matrices since they involve
state-delay) and the sixth row/column (involve M, S') with M being a “zero” while matrix S is already
constrained via LMI (123)

Proof: Starting from the matrix inequality (114) in Theorem 45 i.e.

m  ALPBy

« BUPBy-1 |0

and recalling from (115) the definitions
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N2 ALPAc — P+ K'TK + Q + KTRK 2 ALPAC + A

AE-P+K'TK+Q+K'RK = AT
can decompose the matrix inequality (114) as

T T
ALPAc A%,PBH AR
% B! PBy 0 -T
AL 0
& }P[Ac Byl + ]<0 (124)
[ B!, 0 -T

which by Schur complement (see Lemma 17) is equivalent to

P! Ac By
A; A 0 |<0 (125)
Bl 0 -T

Substituting in (125) the defining expressions of the uncertain matrices from (113), i.e. Ac = A + BK + DF(E, + EK),
By = By + DFE},...
...and separating the nominal from the uncertain parts (i.e. those including matrix F),

(125) can be equivalently written as

—p! A+BK B
(A + BK)T A 0 +
BT 0 -T
D
0 [F] 0 (Ba+EK) Ej | +
0
T D !
[0 (E,+ EyK)  Ey J F'l 0 | <0 (126)
0
D
Inequality (126) is clearly of the form G + MAN + NTATMT < 0, with A — F, M — | 0 | hence eMM” =
0
+eDDT 0 0
0 0 0 ,N—>[ 0 (E,+EyK) E4 ]and its “G”—part symmetric.
0 0 0

Hence Lemma 5 can be used to transform (126) into the following equivalent “G + eMM" + %N TRN ” matrix inequality
(valid ¥V admissible uncertainties F and ¥V € > 0)

-P'+eDD” A+BK B
(126) o 3T e>0, (A +BK)T A 0
Bl 0 -T
0
+  —| (Ea+EK)T [ 0 (E,+EyK) Eg4 ]<o,
€ T
E
d

which, by Schur Complement is equivalent (&) to

-P ' +eDDT A+ BK Bi

0
(A + BK)" A 0 (E.+EK)T <0

T T

Bl 0 -T E]

0 (E. + E}K)  Ej —el

(127)

Remark 48 (the important trick here is to leave the term
0

(Eq + E,K)T

T
Ed

1
€

[ 0 (E,+EyK) E; ] in the last LMI “as is” — do not multiply)
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Introducing the variables
s=pP', N=T7!, w=kP'=KS (128)

and (performing a congruent transformation on inequality (127) by) pre- and post- multiplying both sides of it by the nonsin-
gular, symmetric block—diagonal matrix diag(/, Pl I) = diag(I,S, N, I),

(127) & diag(l,S,N,I) (127) diag(I,S,N,I) <0
pre- multiplying:

-S +eDD" A+ BK Bi 0
. (A + BK)" A 0 (E.+EXKT | _
diag(1,S,N,I) BlT 0 _T E;{ =
0 (Eq +E,K) Ej —el
-S +eDD" A+ BK Bi 0
S(A+ BK)" SA 0 S(E,+EK)T
NB 0 -1 NET
0 (Eq+E,K)  Ej —el
post- multiplying:
-S +eDD" A+ BK B 0
S(A + BK)" SA 0 SE+EKT | .. _
NBIT 0 _7 NE; diag(I,S,N,I) =
0 (Eq + EpK)  Ej —el
-S +eDD”  (A+BK)S BN 0
S(A+BK)T SAS 0 SE+EKT |
NBT 0 -N NET B
0 (E, + E}K)S  EpN —€l
-S +eDD”  (AS + BW) BN 0
(AS + BW)T SAS 0 (E,S+EwW)T (129)
T T
NB! 0 -N NE!
0 (E.S + EyW)  EuN —el

Using
e the fact that § = S7,
e the definition of A from(115),
e the definitions in (128),
the (2,2)-element S AS in (129) writes as

SAS

S[-P+K'TK + Q0 + K'RK]S
S[-S'+K"N'K + 0 + KTRK]S
= —S+WIN'W+50S +W'RW.

Now

e single out the —S term,

e and express the (remaining) term W7 N~ W+S QS+ W7 RW as M7 diag( N~', O, R)M with M 2 8 ‘;V 8 8
0O W 0 0
Then LMI (129) becomes
-S +eDD”  (AS + BW) BN 0
(AS + BW)T -S 0 (E,S +EW)T
NBT 0 -N NET
0 (E,S + EyW)  ExN —el
N1 0 0
M| 0 @ 0 |M<0 (130)
0 0 R

which by Schur complement (see Remark 49 below) is equivalent to the LMI (123) of Theorem 46. This completes the proof
of the theorem. O
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N 0 0 -N 0 0
Remark49 Use| 0 Q 0 |=- 0 -0! 0
0 0 R 0 0 -R!

If the demand for guaranteed cost is alleviated, following the same lines of the proof of Theorem
46, it is easy to prove the following Corollary.
Corollary 50 For the uncertain (input delayed) system (110) there exist symmetric positive-definite
h
matrices P, T such that AV = V%', =V, < 0 (with V"' defined as V;*" = x; Pxi+ ‘21 x,{ijTTka_j )
j=

holds for all admissible uncertainties if and only if there exist a positive scalar € > 0, a matrix
W € R™" and symmetric positive definite matrices S = P~' € R™" N = T~! € R™" such that
the following LMI is satisfied.

-S +eDD” AS + BW BN 0 0
* -S 0 (E.S + E;W)T w7
* * -N NET 0
) i X o o | <0 (131)
* % % * 0
* * * * —N

Furthermore, if matrix inequality (131) has a feasible solution, in terms of the variables {€, W, S},
then the state feedback control law w, = WS ~'x; = Kx; is a robustly stabilizing control law. O

LMIs (131) is a ’subset of the Generic” LMI (123) formally derived after removing the “appropriate”
rows and columns i.e. the last two rows and columns containing the matrices Q, R.

L. Dritsas PhD 2020 74



L. Dritsa’s Notes on H,,, Robust Control, LMIs

10.2 GCC Analysis & Synthesis for uncertain DT systems with (only) State
Delay

Open-loop DT system with (only) state delay and uncertain dynamics
Xer1 = (A + AA)xy + (A1 + AAD)X—g + (B + AB)uy (132)
with x € R" and u € R"™ and NO INPUT DELAY (hence B; = AB; = E, = 0)
[AA AA, AB] = DF [E, E; Ej] (133)

with the unknown (time-varying) matrix F satisfying F'F < I. Furthermore d is an unknown
constant integer (delay units in the state), bounded as 0 < d < d* with d* known. The closed—loop
dynamics with u; = Kx; are

[A + BK + DF(Ea + E},K)] X + [Al + DFEd] Xk—d

Ac(k)x + Ap(K)Xy—n (134)

Xi+1

> 1

with the uncertain matrices Ac, Ap, defined as

Ac 2 A+ BK + DF(E, + EyK), Ap = A, + DFE, (135)

10.2.1 GCC Analysis for systems with (only) State Delay

The sufficient condition for the existence of memoryless state feedback GCC law is a special “case”
of Theorem (68)

Theorem 51 The control law u; = Kx; is a guaranteed cost controller for (132) if there exist
symmetric positive definite matrices P, P; € R™" such that for any admissible uncertain matrix F
the following matrix inequality holds:

I ALPAp

. ATPAp - Py <0 (136)

where

1>

ALPAc-P+P,;+Q+K'RK

1>

AEPAC + A (137)

with the obvious definition for A and the uncertain closed—loop system matrices Ac, Ap already
defined in (135). Moreover the closed-loop cost function satisfies

d
Jo < J° = xJPxo + Z x"Pax_i < Apax(UT PU) + d* (U P, U) (138)

i=1

Proof 52 Defining

e the “positive with respect to x;” function

d
VI = Vi 4 V= X P+ ) x P (139)

i=1

with P, Py > 0 being SPDef matrices of appropriate dimensions 0 < P, Py € R"™",
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Xk
Xk—d
X+l = Ac(l)xk + Ap(k)Xe—p = [Ac Ap] &k
the forward difference AVy = Vltc(itl - Vli"’ along the trajectories of the closed-loop system (134) can be expressed in
terms of & as follows:
AV]-term:

o the augmented state vector i, 2 ] € R which allows to write the closed-loop dynamics (134) as

1 _
Vi =% T Px;. can be written as fk ( 0 0 )fk

Using xis1 = [Ac Aplé the V),

Vi = xl Pxe =€ [Ac Ap)” PlAc Aplé&
AL PA A PA
& [ c re . ]fk

term writes as

*

and
ALPAc-P ALPA
AVE =Vl -Vl =€l *C fPAl; & (140)
Avg—term:
d d
AV,? = {Z x[H_idekH,} - [Z x,{_idek,,-
i=1 i=1
= kadek - x[fdexk_d
P 0
_ T d
= fk( 0 —p, )é—‘k (141)
Combining (141),(140)
AV = AVE+AV]
ALPAc-P+P ALPA
= 4| "erre s &
* ApPAp — Py

Defining (see (137) ) 11 = ATPA( -P+P;+Q+K'RK = ALPAc + A the (1,1)-element writes as T1 - (Q + KT RK) and
the previous expression for AV"” becomes

ot ALPAp [ (0+K"RK) 0
AV fk([ s ATPAp-Py . 0 |5

From the assumption about the negative definiteness of the matrix appearing in Theorem 51, it is clear that the “wish”
for AV{®* <0 is indeed satisfied since (in that case)

+KTRK) 0
AV < _‘fkr[ (©+KTRK) 0 ]fk
= [Q+KTRK] Xk
< —Amin(0 + KTRE)|Ixil? < 0. (142)

Noting that Q + KTRK > 0, the last inequality implies asymptotic (quadratic) stability (must use “partial” stability
arguments).
Following the same arguments as in Theorem (68) the closed-loop cost function

Ja= Y [Q+KTRK|x < V"
k=0
—xOPx0+Zx Pax_; 2y (143)

The guaranteed cost J* in (143) depends only on the initial conditions, and not on the uncertainties.

Adopting the deterministic method to remove this dependence on the initial condition, it is assumed that the initial state
of the system (132) is arbitrary but belongs to the set x_; € R" : x_; = Uu;, uiTu,' <1,i=0,1,2,...,d" where Uis a given
matrix. The cost bound then obeys

T2 3l Pxg + Z xT.Pyx_; < Apax(UT PU) + d" Aax(UT P4U) (144)

i=1
This completes the proof of the theorem.
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10.2.2 GCC Synthesis for systems with (only) State Delay

Theorem 53 For the uncertain (state delayed) system (132) and the cost function (85) there exist
symmetric positive-definite matrices P, P, such that matrix inequality (136) holds for all admissible
uncertainties if and only if there exist a positive scalar € > 0, a matrix W € R™" and symmetric
positive definite matrices S = P~ € R™" M = P;' € R™" such that the following LMI is
satisfied.

[ —S +eDD” AS +BW  A\M 0 0 0 0
(AS + BW)T -S 0 (ES+EWT S S wT
MAT 0 -M ME', 0 0 0
0 (E,S + E,W) E;M —el 0 0 0 <0.
0 S 0 0 -M 0 0
0 S 0 0 0 -0' o
0 w 0 0 0 0 -R!

(145)

Furthermore, if matrix inequality (145) has a feasible solution in terms of the variables {e, W,
S, M} then the state feedback control law w, = WS ™' x; is a guaranteed cost control law and the
corresponding closed-loop cost function satisfies J < (d")Amax(US "' U)

Remark 54 Note that the LMI (145) of Theorem 53, results from the “Generic” LMI (189) after
removing the fourth row/column (involve By, N) and the seventh row/column (involve W, N ).

Proof 55 Starting from the matrix inequality (136) in Theorem 51 i.e.

T
I TACPAD -0
«  ATPAp - P,

and recalling from (137) the definitions
12 ALPAC—P + Py + Q + K"RK = ALPAc + A, with
A2-pP+ P;+0+ KTRK = AT, can decompose this LMI as

Aol
O_d_

T
[ A ]P[Ac Apl+

ALPAc A;PAD
* ATPAp

0
o -p, }<0 (146)

which by Schur complement (see Lemma 17) is equivalent to

-P' Ac  Ap
A 0

A; <0 (147)
AL 0 -Pg

Substituting in (147) the defining expressions of the uncertain matrices from (135), i.e. Ac = A + BK + DF(E, + EpK),

Ap £ A1 + DFE;, and separating the nominal from the uncertain parts (i.e. those including matrix F), (147) can be
equivalently written as

—p-! A+BK A
(A + BK)" A 0 +
AT 0 -Pq
D
0 F[ 0 (E,+EpK) Ey ] +
0
T D !
[ 0 (E,+EpK) Eg4 ] FTl o | <0 (148)
0
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D
Inequality (148) is clearly of the form G + MAN + NTATMT < 0, with A — F, M — | 0 | hence eMM” =
0
+eDDT 0 0
0 0 0 [ N> [ 0 (E,+EyK) Ey ]and its “G”—part symmetric.
0 0 0

Hence Lemma 5 can be used to transform (148) into the following equivalent “G + eMM” + ];NTRN” inequality (valid
VY admissible uncertainties F and¥ € > 0)

-P'+eDD”  A+BK A
(148) & Je>0, (A +BK)T A 0
AT 0 -Py
1 0
+ = E+EKT [0 (BE,+EK) Eg |<0 (149)
€ E;
which, by Schur Complement, is equivalent (&) to
-P'+eDD"  A+BK A 0
(A +BK)T A 0 (E,+EpK)T
T T <0
Al 0 -Py El
0 (Eq+ EpK) Eg4 —el
(150)
Remark 56 the important trick at this step is to leave the term
0
é (Eq + ExK)T [ 0 (E,+EyK) E4 ] in the last LMI “as is” — do not multiply
ET
d
Introducing the variables
S=pP"', M=P;', wW=kKP'=KS (151)

and (performing a congruent transformation on inequality (150) by) pre- and post- multiplying both sides of it by the nonsin-
gular, symmetric block—diagonal matrix diag(l, Pl P"/l 1) = diag(1,S, M, 1),
(150) & diag(1,S, M, 1) (150) diag(1,S,M,I) <0
post- multiplying:

-S +eDD” A+ BK Ay 0
(A + BK)T A 0 (E,+EKT |,
diag(I,S,M,I) =
T T
Al 0 -Py ET
0 (Eqa + ExK)  Eg4 —el
-S +eDD” (A + BK)S AM 0
(A + BK)T AS 0  (Ea+EK)T
AT 0 —PyM ET
0 (Eq + ExK)S  EqM —el
and finally pre- multiplying:
-S+eDD”  (A+BK)S AM 0
. (A+BK)" AS 0 (E,+EKT |
diag(1,S, M, 1) AlT 0 _7 Eg =
0 (Eq + ExK)S  EqM —el
-S +eDD”  (A+BK)S AM 0
S(A + BK)T SAS 0 S(E,+EK)T | _
MAT 0 -M MET -
0 (Eq + E,K)S  EqM —el
-S +eDDT  (AS +BW) AM 0
(AS + BW)T SAS 0 (ES+E,wW)T 0
MAT 0 -M MET
0 (EsS + EyW)  EgM —el

(152)
Using
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o the fact that S = ST,

o the definition of A from(137),

o the definitions in (151),

the (2,2)—element SAS in (152) writes as

S[-P+ P4+ Q+KTRK]IS
S[-S~'+ M7 + 0+ KTRK]S

= -S+STM'S+50S + W'RW.

SAS

Now

o single out the —S term,

o and express the (remaining) term ST M~'S+S QS + W' RW as M" diag(M~", O, R)M with M 2 8 g 8 8 A
0o w 0 0

(Verify by carrying out the matrix multiplications. The result is a 4 X 4 “all-zero—matrix” except its (2,2)—element which is
STM™1S +50S + W'RW)

LMI (152) becomes
-S +eDD"  (AS +BW) AM 0
(AS + BW)T -S 0 (E,S + EpW)T
MAT 0 -M MEY
0 (EaS + EyW)  EqM —el
M7 0 o0
M| 0 Q0 0 |M<0O (153)
0 0 R

which by Schur complement is equivalent to the LMI (145) of Theorem 53. This completes the proof of the theorem.

1

M7t 0 o0 -M 0 0 -
Remark57 Use| 0 Q 0 [=- 0 -0! 0
0 0 R 0 0 —R!

If the demand for guaranteed cost is alleviated, following the same lines of the proof of Theorem
53, it is easy to prove the following Corollary.
Corollary 58 For the uncertain (state delayed) system (132) there exist symmetric positive-definite
d
matrices P,T such that AVy = V% — V" < 0 (with V" = x] Pxi + Y, x;_PaXi—; holds for all
i=1

admissible uncertainties if and only if there exist a positive scalar € > 0, a matrix W € R™" and
symmetric positive definite matrices S = P~' € R"™", M = P,' € R™" such that the following LMI
is satisfied.

[ —S +eDDT  AS +BW AM 0 0
(AS + BW)T -5 0 (E,S+EWT S
MAT 0 -M ME} 0
0 (E.S + E,W) E M —€l 0 |<0O. (154)
0 S 0 0 -M
0 S 0 0 0
] 0 w 0 0 0

Furthermore, if matrix inequality (154) has a feasible solution in terms of the variables {e, W, S}
then the state feedback control law u, = WS ~Uxy = Kxy is a robustly stabilizing control law.
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10.3 GCC Analysis & Synthesis for uncertain DT systems without Delays

Open-loop DT system with uncertain dynamics but without input or state delays

Xee1 = (A+ AA)x + (B+ ABuy,, xe€R", ueR" (155)

e NOINPUT DELAY = B =AB; =E,=0
e NOSTATEDELAY = A, =AA, =E; =0

and
[AA AB] = DF [E, E}] (156)

the unknown (time-varying) matrix F satisfying F F < I. The closed-loop dynamics with u; = Kx;
are

Xk+1 = [A+BK+ DF(E, + EyK)] x = Ac(k)xy (157)

with the obvious definition for the uncertain closed-loop matrix A¢ .
The sufficient condition for the existence of memoryless state feedback GCC law is a special
“case” of Theorem (68)

Theorem 59 The control law u;, = Kx; is a guaranteed cost controller for (155) if there exist
symmetric positive definite matrix P € R™" such that for any admissible uncertain matrix F the
following matrix inequality holds:

0>T=APAc -P+Q+K'RK =ALPAc+A <0
R e
A (158)

with the obvious definition for A and the uncertain closed—loop system matrix Ac already defined
in (157). Moreover, following the same arguments as in Theorem (68), the closed-loop cost function
satisfies

Jei < T = xEPxo < Apax(UT PU) (159)

Proof 60 Defining the “quadratic candidate Lyapunov function function
Vi = xi Pxy (160)

with P > 0 being a SPDef matrix of appropriate dimensions 0 < PT = P € R™", the forward difference AVy = Viy1 — Vi
along the trajectories of the closed-loop system (157) can be expressed as

AVi = Vi = Vi=x; (ALPAC - P)x;

x [T (@ + K"RK)| i (161)

From the assumption about the negative definiteness of the matrix appearing in Theorem 59, it is clear that the “wish”
for AV < 0 is indeed satisfied since (in that case)

AVe = x(Tx - x; [Q+K'RK|x
< -x{|Q+K"RK]x
< —Amin(Q + KTRE)|xl* < 0. (162)

Noting that Q + KTRK > 0, the last inequality implies quadratic stability. Following the same arguments as in Theorem
(68) the closed-loop cost function satisfies
_ LT T _ T L4 g
Jo= 5l [0+ K"RK|xi < Vo = x§ Pxo £ J (163)
k=0
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The guaranteed cost J* in (163) depends only on the initial condition, and not on the uncertainties. The deterministic
approach to remove this dependence on the initial condition, is to assume that the initial state of the system (155) is arbitrary
but belongs to the set xy € R" : xg = Uuy, ug uy < 1 where U is a given matrix. The cost bound then obeys

N
J* 2 xFPxg < A (UT PU) (164)

This completes the proof of the theorem.
GCC SYNTHESIS FOR UNCERTAIN DISCRETE TIME SYSTEMS (WITHOUT DELAYS)

Theorem 61 For the uncertain system (155) and the cost function (85) there exist symmetric positive-
definite matrix P € R"™" such that matrix inequality (158) holds for all admissible uncertainties if
and only if there exist a positive scalar € > 0, a matrix W € R"™" and symmetric positive definite
matrix S = P~' € R™" such that the following LMI is satisfied.

-S +eDDT AS + BW 0 0 0

(AS + BW)T -5 (E,S +E,W) S wT
0 (E,S + E,W) —el 0 0 <0 (165)
0 S 0 -o' 0
0 w 0 0 -R!

Furthermore, if matrix inequality (165) has a feasible solution, in terms of the variables {€, W, S},
then the state feedback control law u, = WS\ xy is a guaranteed cost control law and the corre-
sponding closed-loop cost function satisfies J < (d*)dmax(US ~'U)

Remark 62 Note that the LMI (165) of Theorem 61, results from the “Generic” LMI (189) after
removing the third row/column (involve M, Ay, E; which are “zero” matrices), the sixth row/column
(involve M, S ) with M being a “zero” matrix while matrix S is already constrained via LMI (123)
and the seventh row/column (involve W, N ).

Proof 63 Starting from the matrix inequality (158) in Theorem 59 i.e.
M2 ALPAC—P+Q+KTRK = ALPAC + A <0
can write it as “LMI” A — A(T;(—P_l)'lAC < 0 which,
o by Schur complement (Lemma 17),

o use of the defining expression A + BK + DF(E,; + EpK) 2 Ac for the uncertain matrix Ac and separation of the
nominal from the uncertain parts,

e use of Lemma 5 (transforms specific LMIs into the equivalent “G + eMM" + éN TRN” form,

is equivalent to

-P1 Ac

_ AT p-1\-1
(158) & A - AL(-P™") AC<O©[ AL A

-p! (A + BK)
<O@[(A+BK)T A ]

D r b
+ F[o (Ea+EbK)]+[O (Eu+EbK)] F <0e
0 0
-P'+eDD” A+ BK 1 0
[ (A+ BK)Y! A ] E[(Ea+EhK)T [0 Ea+EK) |<0e
-P'+eDD”  A+BK 0
(A + BK)T A (Ea + E,K)T | <0 (166)
0 (Eq + EpK) —el
Introducing the variables
s=pP', w=kKkP ! =KS (167)

and (performing a congruent transformation on inequality (166) by) pre- and post- multiplying both sides of it by the
nonsingular, symmetric block—diagonal matrix diag(l, Pl I) = diag(1, S, 1),
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post- multiplying:

-S +eDDT A+ BK 0
(A +BK)T A (Eq + ExK)T | diag(1,8,1) =
0 (Eq + EpK) —el
-S +eDD” (A + BK)S 0
(A +BK)" AS (Eq + ExK)T
0 (Eq + ExK)S —el
and finally pre- multiplying:
-S +eDD” (A + BK)S 0
diag(1,S,1)| (A + BK)T AS (Ea + E,K)T | =
0 (Eq + EyK)S —el
-S +eDD"  (AS + BW) 0
(AS + BW)T SAS (E,S +ExW)T | <0
0 (EaS + EpxW) —el

(168)
Using the fact that S = ST, the definition of A from(158) and the definitions in (167), the (2,2)—element SAS in (152)

writes as

SAS S[-P+Q+KTRK]S =S[-S~' + 0+ KTRK]S

-S +S0S + W'RW

Now, single out the —S term, and express the (remaining) term S QS + W RW as

0 0
T T 0 0 0 S 0] _ o7, N
lso u(/) 0 RHO w o | =M diag(Q. R\M
withMé[ g {}SV 8 ] LMI (168) becomes thus
-S +eDDT  (AS + BW) 0
(AS + BW)T -S (E,S + E,W)T | +
0 (EaS + EW) —el
0 0
lST wT g 2”8 vSV 8}<0 (169)
0 0

which by Schur complement is equivalent to the LMI (165) of Theorem 61. This completes the proof of the theorem.

10.4 Special case: Robust Stabilization of DT systems with norm-bounded
uncertainties (no Delays - no GCC)

If the demand for guaranteed cost is alleviated, following the same lines of the proof of Theorem 61,
it is easy to prove the following Corollary.

Corollary 64 For the uncertain system (155) there exist a symmetric positive-definite matrix P such
that AVy = Vi — Vi = x,{ (AEPAC - P) X < 0 (with Vi, = xZka) holds for all admissible un-
certainties if and only if there exist a positive scalar € > 0, a matrix W € R™" and a symmetric
positive definite matrix S = P~ € R™" such that the following LMI is satisfied.

-S +eDDT AS + BW 0
(AS + BW)T -S (E,S+E,WT [ <0 (170)
0 (E,S + E,W) —€l

Furthermore, if matrix inequality (170) has a feasible solution, in terms of the variables {€, W, S},
then the state feedback control law w, = WS ' x, = Kxy is a robustly stabilizing control law.

L. Dritsas PhD 2020 82



L. Dritsa’s Notes on H,,, Robust Control, LMIs

Proof 65 Defining (as already done in (160), (161)) the “quadratic candidate Lyapunov function
function

Vi = x; Pxy (171)

with P > 0 being a SPDef matrix of appropriate dimensions 0 < PT = P € R™", the “wish” for
AV = Vie1 — Vi < 0 along the trajectories of the closed-loop system (157) can be equivalently
expressed as

AVy = xT (ALPAc - P)x, < 0

3
—P-AL(-P")'Ac <0
X
-P' Ac
[ AL P } 0
3
—p! A+ BK D
(A+BKY  _P ]+[0]F[O (Eq+ EyK) |
T
+[ 0 (Ea+EpK) ]TFT[ D } <0
0
3
—P'+eDDT A+ BK
(A + BK)" -P
0
1
+H &+ BT ][ 0 (Ea+EK) |<0
K}
—-P'+eDDT A+BK 0
(A + BK)T -P (E,+EK)T | <0
0 (E, + ExK) —€l

(172)
e Introducing S = P~!, W=KP'=KS,

e perform a congruent transformation on (172) via the nonsingular symmetric block—diagonal

matrix
I 0 O I 0 O
0O P' o|=[0 S 0]>0
o o0 I 0 0 I

LMI (172) becomes

-S +eDDT  (AS + BW) 0
(AS + BW)T ) (E.S + E;W)T [ <0. (173)
0 (E,S + ExW) —€l

which is LMI (170).

Hence if the above LMI has a feasible solution w.r.t the variables {e, W,S } with { € > 0, W €
R SPD matrix S = P~' € R™" then the state feedback control law w, = WS~ x; is a robustly
stabilizing control law.
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Remark 66 If there are no uncertainties (AA = “0” = AB) the previous result ends up to the well
known state feedback synthesis via LMI i.e. uy = WS~ x; with W, S being the feasible solution to
the following LMI

-S AS + BW
<

(AS + BW)T -S 0 (174)
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11 GCC Analysis & Synthesis for NETWORKED CONTROL
SYSTEMS (NCS)

An application of section 10.1 on GCC Analysis & Synthesis for uncertain DT systems with (only)
Input Delay.... Casel on NCS with “smal” delay.....based on References [13, 14]...

Idea: NCS with varying networked induced delay less than one sampling period (“smal” delay)
and no packet drops behave as DT systems with input delay.

Periodic
. PLANT Sampler
o zou 8 s=ax B |
y)=C.x(1)
Delay x(kh)
T DISCRETE TIME

LS CONTROLLER
ak :_Krf X (kh)

Figure 12: NCS structural framework (from [13, 14])

11.1 NCS Dynamics & Discretization

NCS Dynamics: The dynamics of the SISO-NCS under investigation is described by the com-
bination of a continuous—time linear time—invariant plant with a discrete—time time—invariant con-
troller [15, 16, 17, 18, 13, 14].

X = Acx(®)+ Bea(r), y(1) = Cex(?)
te [kh+ 7 kh+ b+ 71
OSTmin<Tk<TmaxSh
- { o1, 1€ kh—h+ 70 kh+ 7Y 175)
i, te|kh+75, kh+h+t).

with x € R" and u,y € R and appropriately defined initial conditions. The aggregate input delay
7% is uncertain and time—varying with known bounds (0 < 7, < ™ < Tpax < ). This descrip-
tion corresponds to a constant and known sampling period, whereas both controller and actuator are
event-driven. The important modelling issue arising from (175) is that the actuation time instances
are not equidistant since the piecewise constant control action ii(¢) experiences a “jump” at the un-
certain time instance ki + 7€. Hence (unless 7* is constant) it is not in general possible to treat the
ensuing NCS in a standard sampled-data or “time—delayed” setting and a “hybrid” setup should be
used ([19]). Despite the “jump” nature of #(#), the exact discretization of (175) within a sampling
period is straightforward, describing the evolution of the state vector at the discrete time instances,

is given by

Xpe1 = Oxg + Do)y + Ty ()i (176)

L. Dritsas PhD 2020 85



L. Dritsa’s Notes on H,,, Robust Control, LMIs

where © = exp(A. k) and

h—zt
Lo(*) = f exp(Ac.A)B.dA
0
= [ I, 0T ]exp([ %C l(;)c ](h—Tk))[ OIT ]
h
0@ = T+ f exp(AcA)BedA (177)
0

The decomposition 7% = 7° +T]Z of the uncertain delay, with 7° denoting the user selected nominal
value, leads into a corresponding system decomposition. The matrices I'o(7¥), I'j(7¥) can thus be

decomposed into constant and known nominal parts T’ 2 To(to), T 2 I'1 (1,) and uncertain (though
bounded) parts Al'g, AI'; which are related as ([17])

ATy(r*,7%) = A", 7°)B, = -A@ (7", 7°)

or [ATy Al = ILAT[B., - B
h—1k
with A(7F,7°) = f exp(A.A)dA (178)

h—1°

For 7° = Ty, the “core uncertain matrix” AL(t¥, Tyin) in (178) is norm bounded by ([18])

h—tk
5 = sup{omax (AT(TH)} < __max f e*da
T€[Tmin,Tmax ]
h=Tmin 2

h=Tmin h=Tpin

eHAcllz/ld/l — f eo'max (A )/ld/l

IA

h=Tmax h=Tmax

eo'max(Ac)(h_Tmm) — e(rmax(Ac)(h_Tmax)

Tmax(Ac)
= 0 (Tmin> Tmax> 1 Ac) (179)

Remark 67 Any value 6 > 6° can be used to bound O max (AL (T5)) from above. Of particular im-
portance is the d(Tmin, Tmax, 1, Ac)-value due to its ease of computation. As a special case, setting
T° = Trin = 0, the previous bound becomes a function of Tmax,

e‘rmax(Ar)h — eo'max(Ac)(h_Tmax)

6(09 Tmax: h7 AL) = o (A ) . (180)

It can be shown that the same expression (179) is also valid for the selection T° = Tm.x. Lastly recall
that o (AT(TF) < 6 o ATT (AT (TF) < 621,

Combining the discretized version of NCS in (176) with the decomposition of the uncertain
matrices T'o(7%), I'j(75) presented in (178), can write

Xee1 = Oxp + [fo + Aro] up + [1:1 + AF]] Ug—1
®x; + |To + ATB. |y + [y = ATB, | uiy (181)

L. Dritsas PhD 2020 86



L. Dritsa’s Notes on H,,, Robust Control, LMIs

with Ty, T'| signifying the nominal parts of [y(7*), I'; (7).
Notice that (181) is a special case of the generic uncertain dynamics (110)

Xk+1 = (A + AA)Xk + (B + AB)uk + (B] + AB[)uk_h

in the previous chapter with

/A

A - O
AM — 0, E,—=0

B — T,

B, - Ty,
AB — AI'B., AB; — —AI'B.

E, —- B., E,— -B,

D - I,

F — AT (182)

Associated with the uncertain open—loop system (181) is the cost function

J="[xi Oxi + uf Ru| (183)
k=0

with O, R > 0 being symmetric and positive definite matrices of appropriate dimensions. Assuming
that the system state is available for feedback, the objective is the design of a memoryless state
feedback control law iy = —Kx;, such that for any admissible uncertainty AI(7¥) the resulting
closed-loop system is not only asymptotically stable but also guarantees the satisfaction of the bound
J < J* with the positive (constant) scalar J* being independent of the uncertainties (see [6, 7]). The
rationale behind this last objective is to incorporate (transient) performance objectives into the design
procedure.For notation simplification # is hereafter replaced by uy.
Closing the loop in (176), (181) with u; = —Kx;, the closed—loop dynamics can be written as

Xie+1 [(D - lﬁo(Tk)K] Xy + [_Fl(Tk)K] Xp-1
[(D - foK - AFQK] X + [—f]K - AFIK] Xk—1

[(D - FoK - AFBCK] X + [—fl + AFBL:I Kxy_

Aci(k)xp + Bey(k)K X1 (184)

with the obvious definitions for the uncertain closed—loop matrices A.(k), B (k) i.e. (Aqgk) =
[cb oK — AI"BCK] , Bu(k) = [—fl + AI"BC]) and

Ju = Z x; [@+ K"RK| x, (185)

11.2 Guaranteed Cost Control (GCC) Analysis for NCS - a sufficient condi-
tion

The following Theorem presents a sufficient condition for the existence of memoryless state feed-
back guaranteed cost control law for the uncertain networked system in (181).

L. Dritsas PhD 2020 87



L. Dritsa’s Notes on H,,, Robust Control, LMIs

Theorem 68 The control law u; = —Kx; is a guaranteed cost controller if there exist symmetric
positive definite matrices P € R™", T € R such that for any admissible “core uncertain” matrix
AL(7%) given in (178),(179) the following inequality holds:

nm  AlPB,

. B BT <0 (186)

with

1>

AlPA,-P+K'TK+Q+K'RK
Al PA, + A, (187)

1>

and the obvious definition for the symmetric matrix A = AT, while A., By have been defined in
(184). Moreover if (186) is true, the cost function is bound as J* < Apax(UT PU) + Apax (UT KT TKU)
with U a given matrix depending on the initial conditions.

The Proof follows the same lines as the Proof of Theorem 45 with the correspondences shown
in 182 and the input delay 4 bounded by 1i.e. 0 <h < h* = 1.

11.3 Synthesis of GCC for NCS (INCOMPLETE)

The sufficient condition in Theorem 68 will now be used for the synthesis of stabilizing Guaranteed
Cost Controllers. The synthesis procedure is stated below, for NCS as an LMI feasibility problem.
Lemma 5 will be used in the proof.

Theorem 69 For the uncertain system (181) and the cost function (183) there exist symmetric
positive-definite matrices P, T such that matrix inequality (186) holds for all admissible uncertain-
ties (i.e. for any admissible “core uncertain” matrix AT(5) presented in (178),(179)) if and only
if there exist a positive scalar € > 0, a matrix W € R and symmetric positive definite matrices
S =P leR™ N=T7"¢cR such that the following LMI is satisfied.

[ (=S +€l,) (®S -ToW) -T|N 0 0 0 0
* -S 0 -sB.W)T wTr  §T wT
* * -N SNB! 0 0 0
* * % —el, 0 0 0 < 0. (188)
* * * 0 -N 0 0
* * * 0 0 -0 0
* * * * * * -R7! |

or (after a permutation)

[ (=S +€l,) 0 -T'N 0 0 (DS —-ToW) 0
* -0 0 0 wT ST wT
* * -N S6NBI 0 N 0
* * * —el, 0 —-o0B.W 0 < 0. (189)
* * * * —R7! w 0
* * * * -5 wt
* * * * * -N |

Furthermore, if matrix inequality (189) has a feasible solution in terms of the variables e, W, S, N,
then the state feedback control law w, = —WS ~'x; is a guaranteed cost control law and the corre-
sponding closed—loop cost function satisfies J* < 2Amax(UTS1U).
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The Proof follows the same lines as the Proof of Theorem 46 with the input delay # bounded by
lie. 0 <h<h" =1, up to the point where the following synthesis LMI is derived

[ -S +eDD” AS + BW BN 0 0 0 0
* ) 0 (E.S + E;,W)T wT S wT
* * -N NE; 0 0 0
* * * —el 0 0 0 < 0.
* * * * -N 0 0
* * * * * —Q’1 0
* * * * * * —-R7! |

Using the correspondences shown in 182, can write...
(Note: the sign differences are due to the control law u; = —Kx; used in [13, 14] )

11.4 Synthesis of Robust State Feedback Control for NCS (no GCC)

This section comes from our paper [20].The main result here is a synthesis procedure of a robustly

stabilizing SSF (a stabilizing gain K for all admissible 7% € [0, 7%, 1) and is presented as Theorem 70.

Although this result is a special case of the more generic (“GCC”’) LMI (188) in Theorem
69 the proof is presented “in a single step” i.e. without going through the stability analysis...

Starting again from (176),(177), the matrices I' o™, T1(7%) can be decomposed into constant

and known nominal parts I'; 2 Lo(7o), T 2 I'1(75) and uncertain (though bounded) parts Ay, Al'y
related as in (178) and the discrete—time open loop NCS dynamics writes as in (181) i.e.

Xee1 = Pxy + [FS + Aro] Ui + [I“‘l’ + AFl] Ug—1 -
...the “core uncertain matrix” AT'(7%) in (178) is norm bounded and for the selection ° = 0 this
bound can be approximated as already presented in (180) [21]
T Ach) _ pTman (A (h=Tmy)
6" = Sup{omax (AL'(T)} < =0 (Tmax, 1, A¢) .
Omax(Ac)

Closing the loop in (176),(181) via a discrete—time static state feedback law (& = —Kxi, -1 =
—Kxy-1), the closed—loop dynamics becomes (see (184))

|® - To()K] i+ [-T1 (K| iy
|® - T§K — ATB.K | x¢ + [T + ATB.] Kx 1

X+ 1

Aq(k)xy + Be(k)Kx_y

with the obvious definitions for the uncertain closed—loop matrices A.;(k), Be(k).

Theorem 70 For the uncertain system (181) and for all admissible uncertainties, if there exist a
positive scalar € > 0, a matrix W € R™" and symmetric positive definite matrices S € R™", N € R
such that the following LMI has a feasible solution,

(=S +e€l,) (OS —T3W) -I°N 0 0
* =S 0 -5(B.W)T wT
* -N ONB! 0 |<o. (190)
* * * —Eln 0
* * * * -N
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then the state feedback control law w, = —WS ' x;, = —Kxy is a “robustly stabilizing” control
law for all admissible, arbitrary time—varying uncertainties AI'(t*) presented in (178),(180), and
arbitrary time-varying delays ™ € [0, 75,1, where 75, not necessarily related to Tpay from the
previous paragraphs.

Proof: Defining the augmented state vector & = [ K;Ck } € R*D and a candidate Lyapunov
k-1
function
T3 T T | PO,
Vk = V(xk,xk_l) =X ka + xk_lK Tka_l, = fk 0 T {fk, (191)

with P, T > 0 being symmetric and positive definite matrices of appropriate dimensions (P € R"™),
Acl BC[
K 0

trajectories of the closed-loop system in (184), can be expressed after some calculations as

and noting that the & dynamics obey &, = [ }Ek, the forward difference AV} along the

Tp Tp
- [ ALPA,+AN  ATPB, (192)

_ T z
AVy =& # B'PB,-T ]gk

where “x” induces symmetry as usual in the LMI literature and the symmetric matrix A defined as
A =-P+K'TK = A”. Using Schur complements the demand for AV < 0 is equivalent to

-P' A, B,
T cl cl
[10\ o1, Ach}P[Acl Bi|<0e| AT A 0 |<0e
T Be Bl 0 -T
H
-p! O-ToKk -I5 | [ L
(@ -TK)” A 0 |[+| o0 AF(Tk)[O (-B.K) B, ]+
(-IHf 0 -T | 10
0
(-B.K)T AFT(Tk)[In 0 0]<o (193)
(B)"

where the defining expressions of the uncertain matrices A, B.; from (184) have been used. Using
the computable norm bound § of the “core uncertain matrix” AT'(7%) (see (180) and AI'7 (t¥)AT'(7%) <
6°1,), Lemma 5 is now invoked to transform (193) it into the following equivalent matrix inequality
where € > 0

-Pl+el, ©-TGK -T7 ] 0
(@ -T3K)" A 0 |+-| (=6B.K)T [ 0 -6B.K 4B, ] <0
S o -1 | | ©B)

which by Schur Complement is equivalent to

-Pl+el, ©-T;K -TI3 0
* A 0 (-6B.K)T
. . 6By |< 0 (194)
* * * —el,

Pre- and post- multiplying both sides of (194)by the nonsingular, symmetric block—diagonal matrix
diag(1,, P!, T7',1,), a congruent transformation, while introducing § = P-', N = T~!, W =
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KP™' = KS, (194) is transformed into:

~S+el OS-TW -T°N 0
. SAS 0 —6B.W)
. . -N 6N(BC); <0 (193)
* * * —€l

Recalling the definition A = —P~! + K'TK = A" and the fact that S = S7, the (2, 2)—-element of the

last inequality is equal to

SAS = P'[-P+K'TKIP'=-S+W'N'W

and hence (195) writes as

~S+el ®S-TyW -IN 0 0
« -S 0 —5(BW)T wr|
) . N sy |t| o |V [0 w 0 0]<0
* * —el 0

*

which by Schur complement is equivalent to (190) which is an LMI in terms of the variables

€, W, S, N. This completes the proof of the theorem. O
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12 An Alternative GCC Analysis & Synthesis for uncertain DT
systems with (only) State Delay (Guan et.al. IEE 1999)

Presentation is primarily based on [6] i.e. the paper by X. Guan, Z. Lin and G. Duan “Robust guaran-
teed cost control for discrete-time, uncertain systems with delay”, IEE Proc.-Control Theory Appl.,
vol. 146, November 1999, p.598-602.

12.1 Open-Loop GCC Analysis for systems with (only) State Delay

Open—loop DT system with (only) state delay and uncertain dynamics

Xer1 = (A+AA)x + (A + AAl)xk_d + (B+ AB)uy
é Axk + A~1 Xk—g T Buk
v = ¢k), ~d<k<O0 (196)

with x € R" and u € R™ and d being a positive integer (?? unknown constant ??) integer (delay
units in the state).
The system uncertainties are norm—bounded

AA = HF\E,, AA, = HyF>E, (197)

with the unknown (time-varying) matrices F; satisfying F iTF <1 i=1,2.
We shall need the matrix inequality presented in Lemma (11) (inequality (10))

Lemma 71 Let A, M, N, A be real matrices of appropriate dimensions with ||All, < 1. Then for
P > 0 and scalar € > 0 satisfying el — MT PM > 0,

(A+ MAN)'P(A + MAN) < AT[P' =& '"MM"17'A + eNTN (198)
and/or the alternative formulation of Lemma (12).

Lemma 72 Let A, M, N, A be real matrices of appropriate dimensions with ||All, < 1. Then for
P > 0 and scalar € > 0 satisfying P — eMM"™ > 0

1
(A+MAM)'P™Y (A + MAN) < AT[P —eMM"]'A + =NTN (199)
€

and also the following Lemma
Lemma 73 For any z,y € R" and for any positive definite € R"™"
27" Py <" Pz +y" Py (200)

Associated with the uncertain unforced open—loop system (196) is the cost function

NgE

|t 0 (201)

o~
Il

0
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12.2 Sufficient condition for Robust GCC Stability of the Open Loop system

THE FOLLOWING THEOREM (FORMULATED WITH < SIGN) STATES THE SUFFICIENT
CONDITION FOR...

Theorem 74 A matrix P > 0 is a “quadratic cost matrix” for the unforced (open—loop) system (196)
and the cost function (201) if there exist parameters €; > 0, i = 1,2 such that the following LMI is
satisfied

—iP+310+1ETE, + 1EVE, AT AT
A -P'+eHH' 0 <0 (202)
A 0 P+ EszHg

Proof 75 Defining

e the “positive with respect to x;” function (it is same one used in (139) Theorem 51 )

d
VIO = VI + Vi = x] Pxy + Z Xp_ i PaXici (203)

i=1
with P, P; > 0 being SPDef matrices of appropriate dimensions 0 < P, Py € R"™",

X
o the augmented state vector & = k

(196) as
X1 = Axg + A xp_g = [A Al]fk

] € R which allows to write the open-loop dynamics

the forward difference AV, = V%', — V|°" along the trajectories of (196) can be expressed in
terms of & as follows:
AV -term:

0 0
Using xi+1 = [Ac Aplé&y, the V1:+1 term writes as

P
V! = x] Px; can be written as & ( 0 )fk

~  ~7T ~ o~
Via = xaPua =& A A] PlA A&
| ATPA AT PA,
& v Tpi |6k
« A PA,

and
N | ATPA-P ATPA,
Avk = Vk+l — Vk = é‘:k . A~1TPA~1 k (204)
AV}-term:

d d

AV,? = lz XZH_idekH—i} - lz ka_,»Pka—i
i=1 i=1

= x,{dek — XZ_deXk_d
P 0

T d
’ 205
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Combining (205),(204) and defining

I, =A"PA-P+P;+Q=ATPA+ A (206)
(?? see also the definition (137) for the forced version ??)
we have
AV = AV + AV
;| ATPA-P+P;,  ATPA,
= & T pi &k
* Ay PA, - Py

>

2 g0 e

Following the same arguments as in sections 10.2,10.2.1, we have the sufficient condition that
the negative definiteness of the uncertain open—loop matrix

m I
[ . ]<0 (207)

implies that the “wish” for AV;?" < 0 is indeed satisfied since (in that case)
I, I } B

AV,ﬁ”’=§kT([ « I g 8])§k

< —xf 0% < = Amin(Q)llxl < 0.

and

00

d
Jor = Z x; Ox; < VI = x} Pxo + Z xTPyx_; 2 (208)
=y i=1

i.e. Stability with “guaranteed cost”.
Now the sufficient condition (207) W, £ & [
and the definitions of Ty, I, I3 from (206)

I, I,

}fk < 0 using Lemmas (71), (72), (73)
x I3

M, = ATPA-P+P,+Q0=2ATPA+A
M, = ATPA,
I, 2 A'PA -P,

writes as

T
A Xk H] H2 Xk 7 . ,
e [ Mhed ] [ * 1 ] [ Xk—d ] = 0 Il + 23 aXi—g + 2 _gM3%-q < O

Bounding procedure for the three terms of W,.
[1] The 11, term: Using Lemma (71) on the I1; term
I, =2 ATPA-P+P;+Q=(A+HFE) PA+HFE)+@P;-P+Q)

-1 1
< [AT(P—l—quH,T) A+€—E1TE1 +(Py—P+0Q)
1
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hence
-1 1
X T < ! ([AT (P—‘ - elHlHlT) A+ G—ElTEl] +(P;-P+ Q)) Xi
1

[2] The 11, term: Using Lemma (73) i.e. 2z Py < 7T Pz + yT Py on the expression 2x,{(A +
H\F\E\)" P(A| + HyF2E2)Xi—a

and subsequently Lemma (71) on the derived expressions (A + HF1E{)P(A + H\FE) and
(A1 + HyF>E>)P(A| + HyF,Ey) below, can bound the 2x,{1’[2xk_d term as

25 Thoxy—g = 2x{ (AT PA1)X—q = 2x] (A + HiF1E1)" P(A| + HyF2E»)Xi—q

<x{(A+ H F1E\)" P(A + HiF\E1)x; + x__y(A1 + HyF2E») P(Ay + HyF2E»)Xi—a

-1 1
<xl [AT (P -aHH]) A+ E—ElTEl
1

N -1 1
Xi + xZ_d [AT (P I EzHgH;) A+ :E;Ez] Xk—d
1

[3] The 115 term: Using Lemma (71) on Il

s 2 A, PA| - Py 2 (A, + HyF,Ey) P(A, + HyFyEy) — Py

< [AlT (P - eszHzT)_l A+ EllEzTEz] - Py
hence
A Mg < 0, ([A{ (P - eHHY) " A + 61—1E§ Ez] - Pd) Xy
Combining results can bound W, as
Wi < x; (2 [AT (P! —aHH]) A+ EllE{El] +(Pg—P+ Q)) X
+xl (2 [A{ (P - eHH]) " A, + ellEzT Ez] - Pd) Xied (209)
HERE COMES THE LIGHT !!! Instead of keep treating P, as a matrix variable for a future
LMI, select
Py=2 [A{ (P - eHHD) " A, + EllEzTEz] (210)

so as to eliminate the last term in (209). Hence the “wish” for W; < 0 using the special selection of
P, in (210) writes as

-1 1
Wi < xl (2 [AT (P —aHH]) A+ —E[E|+2
€]

-1 1
Al (P - eHH)) A+ —E) E
€l

+(0 - P)) Xk
and the wish for negative definiteness of the matrix

- -1 1 1 1
AT (P —eH\H{) A+A] (P - eHH]) A+ —E|E + —EJE; + 5@-P)<0
€] €]
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is by Schur Complement equivalent to

-1
AlT (P71 - €2H2H2T) A+ E_I,E1TE1 + 5_11E2TE2 + %(Q - P) AT < 0e
A -(P! -amH])
L T LT 1 T
[ aBiEvt B Er+5(Q-P) A +
A —(P_1 —ElHlHlT)
AT 1 T -1
4| -t [ a0 0] <o
1P+ 0+ LETE + LEJE, AT At
A -p! +€1H1H1T 0 <0
A 0 -P '+ €2H2H2T

which is the LMI appearing in Theorem (74).
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13 D-Stability & LMI Regions (INCOMPLETE)
13.1 D-Stability and Pole Placement in LMI regions

Material for this section comes mainly from [22, 23, 24, 25, 1, 26] The seminal papers are: “Pole
Assignment for Uncertain Systems in a Specified Disk by Output Feedback” by G. Garcia and J.
Bernussou [23, 24, 27], and the papers by M. Chilali, P. Gahinet and P. Apkarian [9, 25] (“Robust
Pole Placement in LMI Regions™). See also the Lecture notes by Carsten Scherer [1] “LMI’s in
Controller Analysis and Synthesis”, available at
http://www.dcsc.tudelft.nl/~cscherer/Imi.html

Notation:
e ® = Kronecker product
e C = the complex domain

Definition 76 [1] For a real symmetric 2m X 2m matrix P the set of complex numbers

LPé(z€C:(ZII)P(ZII)<O) (205)

is called an LMI region (* signifies conjugate transpose).
Definition 77 [9, 25] An LMI region is any subset D of the complex plane that can be defined as
D={zeC:L+zM+zM" <0} (206)

where L, M are real matrices such that L = LT. The matrix—valued function fp = L+ zM + M7 is
called the characteristic function of D.

Remark 78 ?? LDRI QUESTION ?? : (205,206) are equivalent provided that P = ( AIJT A(;[ )

Example 79 Disk centered at (-q,0) with radius r as LMI Region

z+gP <rP o GC+pE+q) —-r’<0e -r+z+9rHz+q <0

-r z+gq -r q 1 0 (0 O
@(Zﬂz -r )<0®(q —r)”(o 0)”(1 0)<°
-r* 0 . .
or Pyisc = 0 1 according to Definition (205).
Subcase: Disk centered at (0, 0) with radius r, writes as zZ < 1.
—2a

1 ding t
1 0 accoramng to

Example 80 Half-plane: Re(z) < @ © z+Z =2« < 0 or Phagpiane = (
Definition (205).

0 sin(¢p) cos(p)
0 —cos(¢p) sin(p)
* 0 0
* 0 0

Example 81 Sector: Re(z)tan(¢) < —|Im(z)| or Pyecror = according to

* ¥ OO

Definition (205).
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Remark 82 [1] The intersection of finitely many LMI regions is an LMI region. (Can hence de-
scribe quite general subsets of C. Used later for closed-loop pole-placement with LMI techniques.)
Proof follows from usual stacking property of LMI’s:

I (0O Si\[1 I\ 0 S,\[1
L) (& R0 =0 () (5 &) )=0
!
0

0V(0 0 S 07V I O
I 0 0, 0 S, |l o 1
0 f]sT 0o R 0 || a 0
0 =zl 0 ST 0 R 0 z

if and only if 207)

N
~

General Stability Characterization in terms of LMI regions [1]

Theorem 83 [1] All eigenvalues of A € R™" are contained in the LMI region

L (5 30

if and only if there exists a K > 0 such that

I \'( K®Q K®S I
(A®I)(K®ST K®R)(A®I)<O (208)

Corollary 84 [/]
Discrete-Time versus Continuous-Time Stability Criteria in terms of LMI regions.

{ The unit disk } { The open left half-plane } are LMI regions:

1*—101<01"011<0 vl
z 0 1 20 , z 1 0 oI respectively

{ Ain xxy1 = Axg is Schur matrix } { A in x(t) = Ax(t) is Hurwitz matrix } if and only if there
exists a K > 0 such that

(T ) E) <o (AV(2 5)(h)<o mpeamer

13.2 A special case: Disk Stability & SSF Synthesis for Disc Stability
Objective: Given the “original” CT system

Ax(t) + Bu(t)
Cx(t) + Du(t) (209)

Zocr i X()
y(@®)

design a SSF u(f) = Kx(¢) so that the closed—loop poles lie within a prespecified disc C(d, r) i.e.
a disk centered at @ = —(d + r) < 0 with radius r as shown in the Figure 13 below.
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Remark 85 NOTE CAREFULLY THE MEANING OF THE SYMBOLS d,r,a = —(d+7r) <0
USED IN THIS PRESENTATION... MANY MISUNDERSTANDINGS MAY OCCUR DUE TO
THE FACT THAT IN SOME PAPERS THE DISK CENTER a IS POSITIVE AND NEGATIVE
IN OTHERS...e.g ELSEWHERE CAN MEET THE NOTATION C(-a,r) WHERE o HAS DIF-
FERENT MEANING

Imag

~(ri+d;)
Real

Figure 13: Disc-stability notion: the notation C(d, r) signifies a disk centered at @ = —(d +r) < 0
with radius r(adapted from [26])

The next two Lemmas will be used in the proof of the fundamental Theorem 88

S—a

Lemma 86 (Given a,r € R), the mapping z = =% & s = rz+a = r(z + %) maps a disk C(d, r) in
the “s—Domain” (Laplace) into the unit circle C(0, 1) in the “z—Domain”

Proof of Lemma 86: A disk in the complex “s-domain” centered at @ = —(d + r) < 0 with radius r
(see Figure 13) isexpressed as |s —a| < |r| = r & |¥| < 1 & |7l < 1 by definition of z.

Lemma 87 If A, is an eigenvalue of matrix A, = %(A —al) then 1 = rd, + « is an eigenvalue of
matrix A.

A

Proof of Lemma 87: Assume A, is an eigenvalue of matrix A, = %(A —al) and x, the corresponding
eigenvector. Then A,x, = A,x, or %(A —al)x, = 4,x, © Ax, = (rd, + a)x,. Setting 1 = rA, + a it is
obvious that A = rA, + a is an eigenvalue of matrix A.

A fundamental result (necessary and sufficient condition) is the following [22, 23, 24, 27]

Theorem 88 The Disk stability/stabilization of the CT system Xocr X(t) = Ax(t) + Bu(t) within
C(d, r), is equivalent with the stability/stabilization of the following “Virtual Discrete Time System”:

Zypr: xlk+1]1 = A.xl[k]+ Bou,lk]
yr[k] = C.x.|k] + Du,[k] (210)
with
Axlacaen. B2Ltp c2Llc pap @11)
r= - —al), r= —=D, r= —=0L, r =
; v v
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Moreover if K, is a stabilizing feedback gain for the “Virtual Discrete Time System” Zypr in
(210) placing the eigenvalues of the virtual closed—loop matrix A = A, + B,.K, inside the unit disk
C(0, 1), then the feedback gain

K = VK, (212)
places the eigenvalues of the original closed—loop matrix A = A + BK inside the disk C(d, r).

Sketch of Proof for Theorem 88: The proof regarding stability is a direct consequence of the
two previous Lemmas. Due to the specific structure of A, £ %(A — al) in (211) then, according to
Lemma 87, the eigenvalues A of A satisfy A = rd, + «. If all eigenvalues A, of A, lie within the unit
circle, i.e. |1,| < 1, that would be equivalent with the following constraint for the eigenvalues A of
A: A=rd,+a=|1—a|=rd,| <r,since r > 0and|4,| < 1. The inequality |1 — a| < r means that
A lies within a disk of radius r centered at .

Regarding stabilization: Assuming now that K, is a stabilizing feedback gain for the “Virtual
Discrete Time System” Zypy in (210) means that the control law u,[k] = K,x, places the eigs of the
closed—loop matrix A;” = A, + B,K, inside the unit circle. Using (211),(212) can then write:

1 1 1
A+ BK = ~(A-al)+ (TrB)(er)

(1) [A+ BK - ol] = (l) [AC’ - al]
r r

which is a relation between Aﬁ’ , A completely analogous to the relation A, = %(A — al) assumed
for the open—loop matrices. Hence their eigenvalues satisfy again the relation 1 = rA + a.

Conclusion: If then K, is designed so that all eigenvalues /lﬁl of Aﬁl = A, + B,K, lie within the
unit circle (“stabilization of the Virtual Discrete Time System Zyp7”) this is equivalent with placing
the eigenvalues 1< of A = A + BK inside a disk of radius r centered at a.

cl
Ar

Remark 89 With s, z satisfying z = S;r“ (Lemma 86) and {A, B,C, D}, {A,, B,,C,, D,} satisfying
(211), can show by direct substitution that the transfer functions of the two systems Zocr : {A, B, C, D}
and Zypr : {A,, B,,C,,D,} are “equal” (in form). Indeed,

1 -1
Gocr(s) = C(SI—A)_IB+D=C r(z+g)1—r—A] B+ D
r r

-1
= C[r (z+ g)1—1AH B+D
r r

1 I
= -C (z+g)l——A] B+D
r r r

1 1 1
= (7r)c zI—;(A—a/I)] ($)3+D

£ Clzd-A]1"B, +D, 2 Gypr(z)
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13.3 Algorithm & MATLAB codel1 for Disc Stabilization via SSF

Algorithm

1. Given the CT open loop system {A, B, C, D} and the desired Disk C(d, r) with d, r positive real

numbers

2. compute @ = —(d+r) < 0 and the virtual system’s matrices {A,, B, C,, D,} from (211) matrices

3. design a stabilizing control law u,[k] = K, x, for the “Virtual Discrete Time System” Xypr in

(210) (can use either “Iqr” or “place”)

4. then the control law u = Kx with gain K = +/rK, places the eigenvalues of the CT closed loop

system within the disk C(d, r)

MATLAB code

clc; clear all; close all %
disp(’DRITSAS 18-June-08 Revisited 17Jan2011 D)

disp(C’

D)

disp(’ pick a DELAY-FREE SYSTEM in CTRB_CANONICAL form

)

disp(’

D)

[A,B,C,D,sysnum,xinit,h]= pick2ndOrderTs_CTRB_CANONICAL % pick2ndOrderTs

x0=[1 ; 100 ] % xinit

%——————m—————— SS OF THE CT SYSTEM
open_orig_ctsys = ss(A, B, C, D);

Y%= m - VERIFICATIONI -------—————— -~
[Plantnum,Plantden]=ss2tf(A, B, C, D);
disp(’VERIFICATION1:original CT_PLANT_TF= ’);
Ptf=tf(Plantnum,Plantden) disp(’open loop eig/poles’)
disp(’open--loop eigs’); eig(A) %

disp(’open--loop poles’);pole(Ptf)

3 —— DIMENSIONS - ---mmmmmmmmmmmmmmmm oo
% nx = STATE-DIM, nu =INPUT-DIM OF THE ORIGINAL CT SYSTEM

nx = max(size(A)); nu = size(B) * [0 ; 1]; [nx nx]=size(A);

fprint£(’\n\n’); disp(’CONTROLLABILITY CHECK of (Ac,Bc)’)

if (rank(ctrb(A,B)) "= nx)
CONTROLLABILITY_CT =0

error('LDRI1: System (Ac,Bc)is NOT Controllable...Good Bye!!!!’);

else
CONTROLLABILITY_CT =1
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disp(’LDRI1: System (Ac,Bc) is Controllable...Proceed’);

end
%———— - D-STABILITY Specifications ----------------- %%
disp(’ D-STABILITY ) %

disp(’alpha_ct = DESIRED Center of DISC for the closed CT sys
--> must be a negative real number ’')%

disp(’radius_ct = DESIRED radius of DISC --> must be a
positive real number ’) %

alpha_ct = -5.0 radius_ct = 1.0

disp(’ )
disp(’ VIRTUAL DT SYS = {Ar,Br,Cr,Dr} to be stabilized via

DLQR or PLACE ') disp(C’Ar = ( A - alpha*eye(nx) )/r is the

VIRTUAL DT OPEN-LOOP matrix’)

disp(’ )

Ar = (A - alpha_ct*eye(nx) )/radius_ct; %

Br = B/sqrt(radius_ct) ;%

Cr = C/sqrt(radius_ct) ; %

Dr = D/radius_ct ;

disp(’ )
disp(’ DLQR COMPUTATIONS for the VIRTUAL DT-SYS D)

disp(’ )
fprintf(’\n\n’); disp(’*======== semiarbitrary DLQR MATRICES for

the VIRTUAL DT-SYS ==========%")

Qd = 1*eye(nx); Rd=1*eye(nu); %---- WEIGHT MATRICES PLAY WITH THEM !!!
disp(’ *%% COMPUTE DLQR for the VIRTUAL DT-SYS = Ar,Br,Cr *HEING

[Kr, Pr, eigcl_r] = dlqr(Ar, Br, Qd, Rd);

%——-——- SHOW P(=RICCATI) & K (=LQR GAIN)

% disp(’P=") ; disp(P); disp(’Klqr=’); disp(Klqr)

disp(’ **% Stability of the (virtual) DT closed-loop matrix

"Acl_r=Ar - Br*Kr" Guaranteed by DLQR wHEIY

disp(’ )

disp(’ Now Translate the "virtual" results back into the Original

CT system ’)

disp(’ D)

disp(’ "Korig" = Gain K to be used on the ORIGINAL CT SYS -> Korig = sqrt(r)*Kr’
Korig = sqrt(radius_ct)*Kr

%-—-—-- SS of CT CLOSED LOOP SYSTEM
Acl_orig_ctsys = A-B*Korig;

Bcl_orig_ctsys =B; % if u=-Kx + r
Ccl_orig_ctsys =C-D*Korig ; % if u=-Kx + r

Dcl=D; closed_orig_ctsys = ss(Acl_orig_ctsys, Bcl_orig_ctsys,
Ccl_orig_ctsys,Dcl);

disp(’eig(A-B*Korig) = ’); disp(eig( Acl_orig_ctsys ))
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disp(’display eigcl: check whether abs( eigcl(i) - alpha_ct ) <
radius_ct ') eigcl = eig( Acl_orig_ctsys ); fprintf(’\n\n’);

disp(’YOUR CHOICES WERE...’) alpha_ct radius_ct disp(’ e
Verify that ||eigcl - alpha_ct|| < radius_ct *** ,..Press a
key... ’); pause

for i=1:2

disp(’check that the norm: ||eigcl - alpha_ct|| < radius_ct ')
if abs( eigcl(i) - alpha_ct ) < radius_ct

i

disp(’SUCCESS: eigcl_ct - alpha_ct < radius_ct ’)

norm( eigcl(i) - alpha_ct )

disp(’ wkk Press any key ek ’); pause
else
error(FAILURE IN D STAB !!!’)
end
end
disp(’ pzmap. .. ) %

fig=10; figure(fig);fig=fig+l; %
sgrid ; hold on ; pzmap( closed_orig_ctsys ) ; hold off %
figure(fig);fig=fig+1l; initial(open_orig_ctsys,closed_orig_ctsys,x0) % Compare

fprint£(’\n\n’);

disp(’ )
disp(’ Disc-Stab for DISCRETE TIME SYS D)

disp(’ )
disp(’ B
disp(’ Discretize the orig CT-sys with Ts= 1.0 ’)

disp(’ )
Ts= 1.0 ; % Ts=1.333

%-—---—-—- CREATE DT-SS ----—-------———- %%

dtss_open = c2d(open_orig_ctsys, Ts, ’zoh’) ;

%-—————- DT STATE SPACE DYNAMICS (Ad, Bd, Cd, Dd) -----———-—-----—- %%

[Ad,Bd,Cd,Dd,Ts]=ssdata(dtss_open) ;

fprint£(’\n\n’);

disp(’ )
disp(’ Check Stability/Controllability of the Discretized DT-sys’)
disp(’ D)

disp(’DT open loop eig/poles: eig(Ad)="); eig(Ad)%
if 1ldri_check_dt_eigs(Ad) ==
OPEN_LOOP_STAB_DT=1
disp(’#** Ad = PHI =OPEN-LOOP SYSTEM-MATRIX is SCHUR STABLE’);
else
OPEN_LOOP_STAB_DT=0
disp(’#** Ad = OPEN-LOOP SYSTEM-MATRIX is UNSTABLE !!!’);
%error(’Ad = PHI =Delay-Free-SYSTEM-MATRIX is UNSTABLE ’)
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if (rank(ctrb(Ad,Bd)) "= nx)

CONTROLLABILITY_DT =0

error (’LDRI1: System (Ad,Bd)is NOT Controllable...Good Bye!!!!’);
else

CONTROLLABILITY_DT =1

disp(’LDRI1: System (Ad,Bd) is Controllable...Proceed’);

end

%——————mm - D-STABILITY Specifications -----------—————-- %

disp(’ Disc-STABILITY = D(a,r) WITHIN THE UNIT CIRCLE ') %
disp(’alpha_dt = ® = DESIRED Center of DISC for the closed DT sys ) %

disp(’radius_dt = 0.5 = DESIRED radius of DISC --> must be a
positive real number ’)%

alpha_dt = 0.0 %

radius_dt = 0.5

disp(’ "
disp(’ VIRTUAL DT SYS = {Adr,Bdr,Cdr,Ddr} to be stabilized via DLQR or PLACE ’) %
disp(’Adr = (1/radius_dt)*(Ad - alpha_dt*eye(nx)) is the

transformed Virtual OPEN-LOOP matrix’)

disp(’ )

Adr = (1/radius_dt)*(Ad - alpha_dt*eye(nx)); %

Bdr = Bd/sqrt(radius_dt) ; %

Cdr = Cd/sqrt(radius_dt) ; Ddr = Dd/radius_dt;

disp(’ D)
disp(’ DLQR COMPUTATIONS for the VIRTUAL DT-SYS{Adr,Bdr,Cdr,Ddr}

with the same semiarbitrary (Qd,Rd) matrices used for CT (this is

a legal option) )

disp(’ D)
fprintf(C’\n\n’); %

disp(’*== DLQR MATRICES for the VIRTUAL DT-SYS ==%*’) %

[Kdr, Pdr, eigcl_dr] = dlqr(Adr, Bdr, Qd, Rd); %

disp(’ #*%% Stability of the (virtual) DT closed-loop matrix

"Acl_dr = Adr - Bdr*Kdr" Guaranteed by DLQR wEEDY %

Acl_dr = Adr - Bdr*Kdr; %

disp(’eig( Adr - Bdr*Kdr )’); disp(eig( Ar - Br*Kr ))

disp(’ "
disp(’ Now Translate the "virtual" results back into the Original

DT system ’)

disp(’ D)
disp(’ "Korig_dt" = Gain K to be used on the ORIGINAL DT SYS

--> Korig_dt = sqrt( radius_dt )*Kdr ’')%

Korig_dt = sqgrt(radius_dt)*Kdr

%————-- SS of DT CLOSED LOOP SYSTEM
Acl_orig_dtsys = Ad-Bd*Korig_dt;
Bcl_orig_dtsys =Bd; % if u=-Kx + r
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Ccl_orig_dtsys =Cd-Dd*Korig_dt ; % if u=-Kx + r
Dcl=Dd; %

closed_orig_dtsys = ss(Acl_orig_dtsys, Bcl_orig_dtsys,
Ccl_orig_dtsys,Dcl, Ts); %

disp(’eig(Ad-Bd*Korig_dt) = '); %

disp(eig( Acl_orig_dtsys )) %

eigcl_dt = eig( Acl_orig_dtsys );

disp(’ #*%% Verify that ||eigcl_dt - alpha_dt|| < radius_dt ’);

for i=1:2
disp(’check that the norm: ||eigcl_dt - alpha_dt|| < radius_dt ’)
if abs( eigcl_dt(i) - alpha_dt ) < radius_dt
i
disp(’SUCCESS: eigcl - alpha < radius ’)
norm( eigcl_dt(i) - alpha_dt )
disp(’ **%  Press any key
else
error (’FAILURE 1IN Disc STAB !!!”)

dedede

’); pause

end
end
% pzmap of CLOSED LOOP SYSTEM

fig=10; figure(fig);fig=fig+1;%
zgrid ; hold on ; pzmap( closed_orig_dtsys ); hold off

%--—-- END
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14 Discrete Time Switched systems: stability analysis and con-
trol synthesis INCOMPL)

The material in this subsection comes from the research work of Daafouz [28]. See also [29, 30,
31, 32, 33] for a tutorial introduction on switched systems. Reference [28] investigates the stability
analysis and control synthesis of switched systems in the discrete domain. This class of “switched
hybrid” systems is given by

Xkr1 = Agxg + Boug, yi = Coxi (213)

where the switching rule o takes values in a finite set / = {1, ..., N} which means that the matrices
Ay, By, C,, are allowed to take values, at an arbitrary discrete time, in the finite set
(A1? Bl> Cl)? DRI (AN, BN’ CN)‘

The switching rule o is NOT known a priori but we assume that its instantaneous value is avail-
able in real time (a rather realistic assumption where the switched system is supervised by a discrete—
event system and the value of the discrete state is available in real time). The control synthesis is
related to the design of a switched output feedback control u; = K,y ensuring stability of the
closed-loop system

X1 = (Ag + Bo Ky Co)xic (214)

The problem examined is the stability of the origin of an autonomous (discrete—time) switched
system given by
X1 = A X (215)

Define the “indicator function” s(k) = [s;(k), ...sy(k)]” with

| 1, when switched system is in iy, mode (A;)
silk) = { 0, otherwise i.e not in iy, mode (# A;) (216)
The switched system x.; = Ay, X, can also be written as
N
x(k+ 1) = Z 5;(k)A;x(k) 217)

i=1

Parameter—dependent Lyapunov functions have been used to check stability of polytopic time—
varying systems. In the case of (217) this corresponds to the switched Lyapunov function defined
as

N
V(k, x(k)) = x(k)" P(s(k))x(k) = X(k)T(Z si(k)P;)x(k) (218)
i=1

with Py, ..., Py symmetric positive—definite matrices. If such a positive—definite Lyapunov func-
tion exists and AV (k, x(k)) = V(k + 1, x(k + 1)) — V(k, x(k)) is negative—definite along the solutions
of (217), then the origin of the switched system (215) is globally asymptotically stable as shown by
the following general theorem from [?].

Theorem 90 [?] The equilibrium “0” of x(k + 1) = fi(x(k)) is globally uniformly asymptotically
stable if there is a function V : Z*xR" — R such that (i) V is a positive—definite function, decrescent,
and radially unbounded; (ii) AV(k, x(k)) = V(k + 1, x(k + 1)) — V(k, x(k)) is negative—definite along
the solutions of x(k + 1) = fi.(x(k))
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The Lyapunov function (218) is a positive—definite function, decrescent, and radially unbounded
since

V(k,0) 0,Vk >0 and

A

N
Bilbal? < Vik,x(k) = X(k)T(Z sik)Py)x(k) < Ba llxell? 219
i=1

for all x(k) € R", k > 0 with 8| = min;e;Ad,in(P;) and By = max;e; Amq(P;) positive scalars.

The following theorem from [28] gives three equivalent necessary and sufficient conditions
for the existence of a Lyapunov function of the form (218) whose difference is negative—definite,
proving asymptotic stability of (215).

Theorem 91 [28] The following statements are equivalent.

o There exists a Lyapunov of the form (218) whose difference is negative—definite, proving
asymptotic stability of (215)

o There exist N symmetric matrices Py, ..., Py satisfying
Pi AP >0 Y@, j) e IxI (220)
PiA;, P bJ) & X

N
The Lyapunov function is then given by V(k, x(k)) = x(k)T (Z s,—(k)Pi) x(k)

i=1
o There exist N symmetric matrices S 1, ...,S y and N matrices G1, ..., Gy satisfying

G, +GIT -S; GITAIT
AG; S;

] >0 V(@ j) e Ix] (221)

N
The Lyapunov function is then given by V(k, x(k)) = x(k)T (Z si(k)S [‘1) x(k).

i=1

Condition (220) has also been proposed in [34] to check stability of Piecewise Affine Systems.

L. Dritsas PhD 2020 107



L. Dritsa’s Notes on H,,, Robust Control, LMIs

15 Appendix A: Compendium of presented results (H., & GCC)

15.1 H., State Feedback Synthesis for CT LTI without Uncertainties

The CT-LTT system

Xx(1)
z(1)

Ax(t) + B,w(t) + B,u(t), x(0) =0
C.x(t) + Dw(t) + D, u(t)

is stabilizable via state feedback u(f) = Kx(f) such that |T.(s)||lc < 7y if and only if there exist
S € §" (SPD matrix) and Z € R"™" such that

AS + B,W +SAT + W'Bl' B, SCIT'+Ww'D]

u
S >0, BT —yI DI, <0 (222)
c.S+D,wW D,, —yl

If LMI (222) has a feasible solution (in terms of S, W, ), the SSF control gain K = WS -1
stabilizes the closed loop system robustly in the sense of ‘“y-attenuation”.

15.2 H, State Feedback Synthesis for CT LTI with Norm Bounded Uncer-
tainties

Open-Loop System (Plant) with Norm Bounded Uncertainties:

x(t) = (A+AA)x@) + B,w() + (B, + AB)u(t), x(0) =0
z2(t) = Cx(t) + Dy w(t) + Dyu(r)
Norm Bounded Uncertainties:
[AA AB,] = DFI|E, Ey], FTF<I
State Feedback Controller:
u(t) = Kx(t)
Closed—Loop System:
(1) = (A+B,K+DF(E, + E,K))x(1) + Byw(t) = Aux(1) + Baw(1)
z2(t) = (C,+ DyK)x(t) + D,,w(t) 2 C.x(t) + Doyw(t)

Design Objective: Stabilization AND y—attenuation (an H,, objective)

Solution:

(AS + B,W) + (SAT + W'Bl) + eDD" B, SC!'+W'D! (E,+E,W)"

* —yI DI, 0
s * —yI 0 (223)
* * * —€l

If LMI (223) has a feasible solution (in terms of S, W, y, €), the SSF control gain K = WS~!
stabilizes the closed loop system robustly in the sense of “y-attenuation” for all admissible norm
bounded uncertainties.
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15.3 GCC problem setup
The Generic Case and Three Special (Sub)Cases of the GCC Approach

e The most Generic Casel: GCC Synthesis for uncertain DT system with state and input delays
i.e. Xk+1 = (A + AA))Ck + (Al + AAl)xk_d + (B + AB)Mk + (B[ + ABl)uk_h

e Case2: GCC Synthesis for uncertain DT systems with only Input Delay i.e. xz; = (A +
AA)xk + (B + AB)Mk + (B] + ABl)uk—h

e Case3: GCC Synthesis for uncertain DT systems with only State Delay i.e. xx; = (A +
AA)xk + (B + AB)Mk + (A] + AAl)xk_d

e Cased4: GCC Synthesis for uncertain DT systems without Input or State Delay i.e. xp =
(A + AA)x; + (B + AB)uy

15.4 Result-1a: GCC SSF for Unc-DT-Sys with Input and State delay (most
Generic Case)

The Generic Case Setup: Open—loop DT system with state and input delays and uncertain dynamics
Xee1 = A+ AA)xp + (A1 + AADxp—g + (B + AB)uy + (B + AB)uy—p, (224)
with x € R" and u € R™

e d and h are unknown constant integers representing the number of delay units in the state and
input, respectively, bounded as 0 < d < d*, 0 < h < h* with bounds d*, h* being known

e A, Ay, B, B; are known real constant matrices of appropriate dimensions

e uncertain matrices AA, AB, AA|, AB) represent time-varying parameter uncertainties in the
system model, satisfying

[AA AB AA, AB,]= DF[E, E, E; Ej (225)

e D, E, E, E; E;, are known real constant matrices of appropriate dimensions describing the
structure of uncertainties

e the unknown (time-varying) matrix F satisfies FF < I, Vk
Associated with the uncertain open—loop system (83) is the cost function
J="[xi Oxi + uf Ru| (226)
k=0

with QT = Q0 > 0, R" = R > 0 being symmetric and positive definite (SPD) matrices of appropriate
dimensions. Closing the loop in (83) with u;, = Kx;, the closed—loop dynamics are

[A + BK + DF(E, + EyK)] x; + [B1 + DFE,] Kx_j, +
[A1 + DFE ] xi—q
Ac()xx + Bg()Kxi—p + Ap(k)Xi—a (227)

Xie+1
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with the uncertain matrices Ac, By, Ap, defined as
Ac £ A+ BK + DF(E, + E,K), By = B, + DFE),, Ap = A, + DFE, (228)

The cost function associated with the closed—loop system (86) is

o

Ju = Z x; [0+ K"RK| x¢ (229)
k=0
Sufficient condition for the existence of SSF GCC - (just a stepping stone - useless for com-
putations)

Theorem 92 The control law u;, = Kx; is a guaranteed cost controller if there exist symmetric
positive definite matrices P, Py € R™", T € R™™ such that for any admissible uncertain matrix F
the following matrix inequality holds:

I ALPAp ALPBy
« ALPAp-P;  ALPBy <0 (230)
* * BZIPBH -T
A T T T a AT
II = APAc-P+P;+K'TK+Q+K'RK2A[PAc+A (231)

with the obvious definition for A and the uncertain closed—loop system matrices Ac, By, Ap already
defined in (87). Moreover the closed-loop cost function satisfies

d h
A
Ja<T 2 xgPxo+ Y X Pex i+ Y LK TKx
i=1 i=1

nax(UT PU) + d* Aax(UT PgU) + W Ao (UT KT TKU) (232)

IA

Theorem 93 For the uncertain system (83) and the cost function (85) there exist symmetric positive-
definite matrices P, T such that matrix inequality (89) holds for all admissible uncertainties if and
only if there exist a positive scalar € > 0, a matrix W € R"™" and symmetric positive definite
matrices S = P~ € R™" M = P;' € R™" N = T~' € R™" such that the following LMI is
satisfied.

[ =S +eDDT AS +BW A/M BN 0 0 0 0 0
* -S 0 0 (E,S+EwWT sT wT S wT
* x -M 0 ME? 0 0 0 0
* * * -N NE] 0 0 0 0
* % * * —el 0 0 0 0 < 0.
* * * * * -M 0 0 0
* * * * * 0 -N 0 0
* * * * * 0 0 -0 0
% % % % % 0 0 0 —R! ]
(233)

Furthermore, if matrix inequality (189) has a feasible solution in terms of the variables {€, W, S,
M, N} then the state feedback control law w, = WS~ x; is a guaranteed cost control law and the
corresponding closed-loop cost function satisfies

J< (1 + ) Anax (UTSU) + d* A (UT MU (234)
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15.5 Result-1b: SSF Synthesis for Unc-DT-Sys with Input and State delay -
no GCC, only Robust Stabilization

If the demand for guaranteed cost is alleviated, following the same lines of the proof of Theorem 69,
it is easy to prove the following Corollary.

Corollary 94 For the uncertain system (83) (with input and state delays) there exist symmetric

h
positive-definite matrices P, Py, T such that AV, = V%! =V;*" < 0 (with V}*' = x; Pxp+ Y, x,{ij TTKxp j+
=

d
> x]{_idek,[ defined in (191)) holds for all admissible uncertainties if and only if there exist a pos-
i=1

itive scalar € > 0, a matrix W € R™" and symmetric positive definite matrix § = P~ € R™",
M =P;' e R™™ N =T~' € R™" such that the following LMI is satisfied.

[ —S +eDDT AS +BW A/M BN 0 0 0
* -S 0 0 (ES+EWT § wr
* * -M 0 ME? 0 0
* * * -N NE] 0 0 |<0o. (235)
* * * * —€l 0 0
* % * % * -M 0
* * * * * 0 -N |

Furthermore, if matrix inequality (190) has a feasible solution, in terms of the variables {e€, W, S},
then the state feedback control law u, = WS “xy = Kxiisa robustly stabilizing control law. O

LMIs (190) is a "subset of the Generic” LMI (189) formally derived after removing the “appro-
priate” rows and columns i.e. the last two rows and columns containing the matrices Q, R.

15.6 Result-2a: GCC SSF for Unc-DT-Sys with Input Delay (only)

Open—loop DT system with state and input delay (NO STATE DELAY = A; = AA; = E; = 0)
and uncertain dynamics

Xer1 = (A + AA)x; + (B+ AB)uy + (By + AB)uy—p, (236)
with x € R" and u € R™ and (since A} = AA| = E; = 0)
[AA AB AB|] = DF [E, E}, E}] (237)

with unknown (time-varying) matrix F satisfying FT F < I. Furthermore / is an unknown constant
integer (delay units in the input), bounded as 0 < & < h* with h* known.
Same cost function (85) as before.
The closed—loop dynamics with u; = Kx, are
[A+ BK + AA + ABK]| x; + [B; + AB;] Kxj—,
[A+ BK + DF(E, + ExK)] x¢ + [By + DFE] Kxy—p,
Ac(k)xi + Bu(k)Kxy—p, (238)

Xk+1

>

with the uncertain matrices Ac, By, defined as
Ac 2 A+ BK + DF(E, + E,K), By = B, + DFE, (239)

Sufficient condition for the existence of SSF GCC (just a stepping stone - useless for com-
putations): The sufficient condition for the existence of memoryless state feedback GCC law is a
special “case” of Theorem (68)
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Theorem 95 The control law u;, = Kx; is a guaranteed cost controller for (110) if there exist
symmetric positive definite matrices P € R™", T € R"™" such that for any admissible uncertain
matrix F the following matrix inequality holds:

I ALPBy
C
. BLPBy-T <0 (240)
I = ALPAc-P+K'TK+Q+K'RK 2 ALPAc + A (241)

with the obvious definition for A and the uncertain closed—loop system matrices Ac, By already
defined in (113). Moreover the closed-loop cost function satisfies

h
Jo < J° = xDPxo + Z xLKTTKx_ < Apan(UT PU) + h* Ao (UT KT TKU) (242)

i=1

GCC Synthesis for systems with (only) INPUT DELAY

Theorem 96 For the uncertain (input delayed) system (110) and the cost function (85) there exist
symmetric positive-definite matrices P, T such that matrix inequality (114) holds for all admissible
uncertainties if and only if there exist a positive scalar € > 0, a matrix W € R"™" and symmetric
positive definite matrices S = P~ € R™" N = T~! € R™" such that the following LMI is satisfied.

[ -S +eDD” AS + BW BN 0 0 0 0
% -S 0 (ES+EW! wl' s wr
* * -N NE] 0 0 0
% * * —el 0 0 0 <0. (243)
* * * * -N 0 0
* * * * * —Q‘1 0
* * * * * * —R7! |

Furthermore, if matrix inequality (123) has a feasible solution in terms of the variables {e, W,
S, N } then the state feedback control law w; = WS~'x; is a guaranteed cost control law and the
corresponding closed-loop cost function satisfies J < (1 + h*)Amax (US 7' U).

Note that the LMI (123) of Theorem 46, results from the “Generic” LMI (189) after removing
the third row/column (containing M, A;, E; which are “zero” matrices since they involve state-
delay) and the sixth row/column (involve M, S) with M being a ‘“zero” while matrix S is already
constrained via LMI (123)

15.7 Result-2b: SSF Synthesis for Unc-DT-Sys with Input Delay (only) - no
GCC, only Robust Stabilization

If the demand for guaranteed cost is alleviated, following the same lines of the proof of Theorem 46,
it is easy to prove the following Corollary.

Corollary 97 For the uncertain (input delayed) system (110) there exist symmetric positive-definite
h
matrices P, T such that AVy = V!, = V;*" < 0 (with V}*' defined as V;*" = xZka+ > x,f_jK TTKx—j)
j=1

holds for all admissible uncertainties if and only if there exist a positive scalar € > 0, a matrix
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W e R™" and symmetric positive definite matrices § = P~' € R™" N = T~' € R"™" such that
the following LMI is satisfied.

-S +eDDT AS + BW BN 0 0
* -S 0 (ES+EWT Wl
* ® -N NET 0
. i X _6; o |< 0. (244)
% % * * 0
* * * * -N

Furthermore, if matrix inequality (131) has a feasible solution, in terms of the variables {€, W, S},
then the state feedback control law w, = WS ™' x, = Kx is a robustly stabilizing control law. O

LMIs (131) is a ’subset of the Generic” LMI (123) formally derived after removing the “appropriate”
rows and columns i.e. the last two rows and columns containing the matrices Q, R.

15.8 Result-3a: GCC SSF for Unc-DT-Sys with State Delay (only)

Same cost function (85) as before.
Open-loop DT system with (only) state delay and uncertain dynamics

X1 = A+ AA)x + (AL + AADxi_g + (B + AB)uy, (245)
with x € R" and u € R and NO INPUT DELAY (hence B; = AB; = E;, = 0)
[AA AA, AB| = DF [E, E Ej] (246)

with the unknown (time-varying) matrix F satisfying F'F < I. Furthermore d is an unknown
constant integer (delay units in the state), bounded as 0 < d < d* with d* known. The closed—loop
dynamics with u; = Kx; are

[A + BK + DF(Ea + EbK)] Xi + [A] + DFEd] Xk—d

Ac(k)xi + Ap(k)xi-n (247)

Xie+1

>

with the uncertain matrices Ac, Ap, defined as
Ac 2 A+ BK + DF(E, + EyK), Ap = A, + DFE, (248)

Sufficient condition for the existence of SSF GCC for Systems with (only) STATE DELAY
(just a stepping stone - useless for computations): The sufficient condition for the existence of
memoryless state feedback GCC law is a special “case” of Theorem (68)

Theorem 98 The control law u; = Kx; is a guaranteed cost controller for (132) if there exist
symmetric positive definite matrices P, P; € R™" such that for any admissible uncertain matrix F
the following matrix inequality holds:

o ATPAp
C
« ALPAp—P, | <0 (249)
I 2 ALPAC-P+P,;+Q+K'RK 2 ALPA- + A (250)
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with the obvious definition for A and the uncertain closed—loop system matrices Ac, Ap already
defined in (135). Moreover the closed-loop cost function satisfies
d
Ja ST 22 Pxg+ ) X1 Pax i < Apar(UT PU) + d Aar(U" P4U)
i=1
GCC Synthesis for systems with (only) STATE DELAY

(251)

Theorem 99 For the uncertain (state delayed) system (132) and the cost function (85) there exist
symmetric positive-definite matrices P, P; such that matrix inequality (136) holds for all admissible
uncertainties if and only if there exist a positive scalar € > 0, a matrix W € R™" and symmetric
positive definite matrices S = P~ € R™" M = P;l € R"™M such that the following LMI is
satisfied.

[ -S +eDD”  AS+BW  AM 0 0 0 0
(AS + BW)T -8 0 ([ES+EW s s wl
MAT 0 -M MEY 0 0 0
0 (EsS + EyW)  EqM —€l 0 0 0 |<o.
0 S 0 0 -M 0 0
0 S 0 0 0 -0' 0
0 w 0 0 0 0 -R']

(252)

Furthermore, if matrix inequality (145) has a feasible solution in terms of the variables {e, W, S}
then the state feedback control law u, = WS~ x; is a guaranteed cost control law and the corre-
sponding closed-loop cost function satisfies J < (d*)dpax(US ~'U)

Note that the LMI (145) of Theorem 53, results from the “Generic” LMI (189) after removing
the fourth row/column (involve By, N) and the seventh row/column (involve W, N).

15.9 Result-3b: SSF Synthesis for Unc-DT-Sys with State Delay (only) - no
GCC, only Robust Stabilization

If the demand for guaranteed cost is alleviated, following the same lines of the proof of Theorem 53,
it is easy to prove the following Corollary.

Corollary 100 For the uncertain (state delayed) system (132) there exist symmetric positive-definite
d

matrices P,T such that AV, = V5", = V" < 0 (with V[*' = x,{ka + > x;{_,-dek—i holds for all
i=1

admissible uncertainties if and only if there exist a positive scalar € > 0, a matrix W € R™" and
symmetric positive definite matrices S = P~' € R™" M = P;l € R™M such that the following LMI
is satisfied.

[ —-S +eDDT  AS +BW  AM 0 0
(AS + BW)T -5 0 (ES+EwWT S
MAT 0 -M ME', 0
0 (E,S + E,W) E M —el 0 |<o. (253)
0 S 0 0 -M
0 S 0 0 0
0 w 0 0 0

Furthermore, if matrix inequality (154) has a feasible solution in terms of the variables {e, W, S}
then the state feedback control law w, = WS ~'x; = Kxy is a robustly stabilizing control law.
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16 Appendix B: The three ‘“benchmark” systems used in simu-
lations

The following SISO systems with x € R", n =2 and u € R™, m = 1 are used as “benchmark”
systems in the simulation sections.

16.1 The Stable Minimum Phase ‘“benchmark” system

State Space Equations
The continuous—time system with transfer function G(s) = Wzﬁz’ is a SISO open—loop stable
system with the following state space description.

% L o] 8

16.2 The Stable Nonmiminimum phase ‘“benchmark’ system

() = u@, Yo =1 0 ]x. (254)

State Space Equations
The non—minimum phase open—loop stable continuous—time system Gy(s) = ﬁ from [5],
with a state space description,
(1) = 0 ! )+ 0 ®), y@) = [ 0.0600 -0.1200 ] ® (255)
=1 002 -030 |* I A ' *
16.3 The Unstable “benchmark” system
State Space Equations
The continuous—time system with transfer function G(s) = % is a SISO open-loop unstable

system extensively used as “benchmark” system in NCS literature [35, 36, 37, 38]. Its state—space
description is

x(t)z[ 8 _(1).1 ]x(m

o(.)1 ]u(t), (b =[ 10 ]x(t) (256)

2-BE CONTINUED... 12Nov2011, 12Nov2020
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