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1. I'pappiké cvetipota

1.1. TI'pappikd cvetipora 3x3

Yroloyiwouoc opilovooc 3x3 (yevikn nopon)

K11
A= K21

K31

K12
K22
K32

K13
_ Kp2 K23
K23 | = K11 — K12
K32 K33
K33

K1 K23
K31 K33

K1 K22
K31 K32

+ K13

Erilvon ypauukod svotiuotoc 3x3 pe ™ uéhodo Cramer (ypnon opilovcdv)!

ar;p a2

a3 (| X by

ay; axp an|[xa|=|by
asz||x3| |b3

a3; azp

arixi + aipxz + anxs = by

a21X1 + a2»x2 + anxs = b

a31x1 + asxz + as3xz = bz

A
xi =L
a1
A: 321
as]
b;
Al = b2
by

A A
XZ__Z R X3 __3
A A
ajp a3
azpy ajnj
432 asj
ajp  ap3 ajp by
ay) a3 Ar=|ay; by
a3y ass az; b

a3 ajp ap by
a3 As=|ay; azp by
as3 az] azy by

H epappoyn g pebddov mpovmobétel 01t A # 0. XtV mepintwon ovtr, VIAPYEL (il LOVAOIKY|

Aoon (X1, X2, X3).

Av A =0, ) enilvon 1oV cLGTHHOTOG YiveTon wg eENG:

v Ymoioyilovton ot opilovoec A1, Az ko Az. Av pio amd avtég eivarl d1apopn Tov PUndevoc, 1o

ovoTnua ivol advveTo (dev Exel Adon).

1

‘Eva. obotuo eélowcemv  pmopel, evoOAAOKTIKA, vo emAvbel won pe 1™ pébodo g

avtikotdotaons. Ewwa yoo to cvomuota 3x3, 1o mown puébodog eivar mpotuntéa (amd dmoyn
alyefpikmv mpdiewv) e€aptdtor amd T LOPPY TOV GUGTILLOTOC.
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AZITAITE / Tuqpo Exmondevtikamv Hiektpordywv Mryavikov & Exrnodevticdv Hiektpovikamv Myavikdv

v  Av A1 = Ay = A; = 0, 10 obotpa elvar adproto omodte €vog (N dV0) Omd TOLG AYVMOGTOVG
vroAoyileton (vroAroyilovtar) GuVapPTHGEL T®V AAA®V dVO (1) TOV TPiTOV).

Noa emtAvbei 1o oot

X1 +x2+x3=4

X]—X2—X3=2

X]—X2t+x3=6

Amdvinon

A=—4 A=-12,A0=4,A3=-8

x1=3,x=-1,x3=2

Noa emtAvbei 1o oot

X1 +x2+x3=4

X1 +X2+x3=28

X|1—X2+xX3=6

Amdvtnon

A=0,A=-8.

To cvotpua givar addvato (paivetal kot amd Tig 00 TPMTEG EEICADCELS).

Noa emtAvbei 1o oot
X1+ xo+ x3= 4
2x1 +2x2+2x3= 8
3x1 —3x2+3x3=12
Amavtnon
A=0,A1=A=A3=0.
To cvomua givon adpioto (TpoxvmTEL Kot amd 1o yeyovog ot o1 2" ko n 3" e&icmon ivorl amAd
molamAdota g 11°).
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1.2. TI'poppikd cvetpota 2x2

Yroloyiouoc opilovococ 2x2 (YeEViKn Hopon)

LS SRS 2
A= = K11K22 — K12K21

Ko1 K22

Erilvon ypauukod suotiuotoc 2x2 ue ™ uébodo Cramer (ypnon opilovsdv)?

a“ alz X1 _ bl
a21 a22 X2 b2
arixi + anxz = by
a21x1 + anx2 =b
A A A
X1 _1 , X2__2 , X3__3
A A
a a
A_lan an
az; ax
b; a a b
A =01 A2 A, =[P B
by ap a); by

H epappoyn g pebddov mpovmobétel 01t A # 0. XtV mepintwon ovtr, VIAPYEL (il LOVAOIKY|
Aoon (X1, X2).

Av A =0, n exilvon 1oV cLGTHHOTOG YiveTon wg eENG:

v Ymoioyilovton ot opiovoec Ar kar Ay Av pia and avtég eivor o1dpopn Tov Pndevos, To
ovoTnua ivol advveTo (dev Exel Adon).

v Av A= A= 0, 10 cvomnua gival a0pLeTo ondTE £VOg AyVOoTOg LITOAOYILETOL GUVAPTCEL TOV
éAlov.

2 "Eva ovompo eiohosov 2x2 pmopel, evaAlaktikd, vo emwBel pe 1 péhodo Tng

aviikotdotaons. Av kot 1o mola uéBodoc eivon mpotyuntén eaptdror omd TN HOPPN TOL
GULGTHLLOTOG, 1 ¥PNON TNS LEBOIOL TNG AVTIKOTAGTACN S GLVINOMG dEV TAPOLGLALEL SVGKOMEC.
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AZITAITE / Tuqpo Exmondevtikamv Hiektpordywv Mryavikov & Exrnodevticdv Hiektpovikamv Myavikdv

Noa emtAvbei 1o oot
X]—2x2=4
x]+x2=1

Avon (pe ) pébodo twv op1lovcav)
A=-3,A1=-6,A=-3

Xx1=2,x2=-1

Avon (pe ) pébodo g avTIKaTAoTOoNG)
X1—2x2=4 = x1=2x2+4
x1tx2=1 =2 2x2t+4+x0=1 = x2=-1 = x1=2
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2. Tpryovopetpio (Bacikd ctovysio)?

Opopoi

O tprywvopetpikol apiBpoi cosO, sin® opilovron pe ) Ponfeia Tov TPLYOVOUETPIKOD KVKAOV

(OKAOL e axTiva r = 1) dmec eaivetat 6To oyfLLe Tov akoiovdelt. Topueova pe To oy AVTH:

> To cosB® (cuvnuitovo 0) eivor n TpoPfoirr], otov oprlovrio aovo OX, TOL SLEVOGUATOS TOV
avTioTolyel ot yovia 6.

> To sin® (muitovo 0) givon n TpoPforn, otov KataképvPo dEova Oy, TOL SLEVOGRATOS TTOV
avTioTolyel ot yovia 6.

H ypaoum mapdotacn Tov piKovg Tov Taparive Tpoforav cuvapticel TG yoviag 0, dlvet Tig
YVOOTEG «KVUOTOEOEIG» TOPACTAGELS TV €0s0, sind.

Meto&d TV GUYKEKPILEVOV TPIYOVOUETPIKOV aplBudv, 1oyvel 1 oxéon (Pacikn Tpy®VOUETPIKY
TAVTOTNTA)

cos?0 +sin’0=1 < cos’0=1—sin%0 < sin’0 =1 — cos’0

Me ypnion tov cosO kot sinB, opiCovtar kot 1 tan0 (spamropévn 0) kor cotd (cvvepamtTopévn 0)
g e§ng’:

tand sin®
anf = ——
coso
sin® 1
cotd = = —

cosO  tan0

30 6pog «tpryovopetpion oyetileton pe 1o yeyovdg 01t oviomteg (Tprymvopetpikol apduol) dmmg to

sinf, cos0, tanB, cotd opiocmrayv apykd oto opBoydvio Tpiywvo.

4 0 Mdyog, ®6TOGO, TOL Ol TAPUTAV®D OVIOTNTEG £Vl TPOTILOTEPO VO OPILOVTAL EMTL TOV TPIYOVOUETPIKOD
KOKA oL (ovti Yo T0 opBoydvio Tpiywvo) givor 0T, 6To 0pBOYDVIO TPiy®VO, O OPIGUOG TPLYOVOUETPIKDOV
aplBumv yuo 0 > 90° eivon pudArov dvcyepngc.

5 Emonuoivetar 6tt 0 opiopdc twv tand kar cotd (couPatodc pe tovg odyeBpikois opiopons) umopel va
yivel kai €ml TOL TPLYOVOUETPIKOV, OGTOGO TOPAAEITETAL YAPY GLVTOMING.
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cos0 1
T\
-2n - 0 \ T 2n | 0

sin@
yiIN
Y -1 0 1%\ 2m | 0
\ /
NUPZE

Tpryovouetpikoi apfuol Bacikdv yoviov

TI'ovia 0(°) | T'ovie O(rad) sin@ cos0 tan0 cot0
0° 0 0 1 0 1
30° K l \/g L — ﬁ \/g
6 2 2 303
450 no L2 N2 !
4 22 22
T 3 1 1 3
60° — N — 3 N>
3 2 2 3 3 3
90° z 1 0 o 0
2
180° T 0 1 0 0

Eivon mpoavég 6t ot Tipég tou mivaka tkavomolovv Tig Pacikég oxEoelg
sinf 1

5 . sin@
cos’0+sin‘0=1,tan0 = —— , coth = =
cosb cos®  tan®
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Avoyoyn oto 1° tetaptnudplo

Méow ¢ avaywyng oto 1° tetaptnuoplo, TprymvoueTpikol aptfpol yovidv Tov aviKovy 6to 2°,
3° 1 4° tetaptnuodplo ekepalovtal oG Tpry®vopeTpikol aplfpol g factkng yoviag 0.

cos(—0) = cosO
sin(—0) = —sinO

cos(n—0) = —cos0
sin(n—0) = sin0

cos(n+0) = —cosO
sin(n+0) = —sinO

cos(E—G) =sinf
2

sin(E—O) = cosb
2

cos(nge) = —sinf

sin(§+9) = cosb

O\eg o1 mapomdve ToTOTNTEG TPOKVITOVV GUEGO LE EMGKOMNOT TOV TPIYOVOUETPIKOD KOKAOV.

ATO TNV EMGKOTNGT TOL TPLYOVOUETPIKOD KOKAOV, TPOKVTTEL Kol OTL 01 Y®Vieg TG Hope1g 01+2kn
(027, 6+41 KA®.) £xovv TOLG 1810VG TPIY®VOUETPIKOVS aptBovS pe T Yovia 0.
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ABpoicuato Kot 01a@opEc YOVIOV — AAAoLO YOV

Mmnopet va amoderyBodv ot mopakdtem TavtdtnTeg (Tov gUmMAEKOLV 0BpOIGHATE KOl OLPOPEG
YOVIOV):

cos(0+@) = cosB.cosp — sinf.sing

cos(6—¢) = cosB.cose + sinf.sin@

sin(0+¢) = sinf.cos@ + cosH.sin@
sin(0—¢@) = sinf.cose — cosf.sing

ATO TIC TOPATAV® OYEGELS, TPOCHETOVTAG KOl OLPapOVTAC, KATH LEAT, TPOKVTTOVV Ol GYECELS:
2.cosB.cos@ = cos(0—¢) + cos(0+)
2.sin0.sing = cos(0—@) — cos(6+9)
2.sinf.cos@ = sin(0+¢) — sin(6—)
®¢tovtag ¢ = 0 otig oxéoelg yia o cos(0+) kot sin(6+¢) TpokvTTEL OTL
c0s(260) = cos? — sin’0 = 2.cos’0 — 1 = 1 — 2.sin’0
= 2.c0os’0 =1+ cos(20)
= 2.sin’0 =1 — cos(20)
(6moL &ytve ¥pNoT| KO TG YVOGTHC ToTdTNTAC c0s20 + sin%0 = 1) kan
sin(20) = 2.sinf.cosO
Télog, pmopovv va amoderyBobv Kot 01 TOPAKAT® GYECELS:

cosO + cosp = 2.cos (O_T(pj cos (MT(PJ

cost — cosp = 2.sin(e+(pjsin(q)_ej
2 2
-0
S
(0+(pj
2

sinf + sing = 2.sin[ P
¢

0+ j
COS
2
)
COS
2

sinf — sing = 2.sin(

Iep. K. IMaywtdkng: Baoud Madnpotucd yio HAT/HAK 10
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3. AoyaprOpot (Baocikd otovyeio)
levikad

Av B>0 (ueBp=#1 xoua>0,o0 hoyapiOpog tov a pe paon to P opileton pe Pdon v
odvvopio Tov akolovdel

x=loggn < P*=a

Anhadn, o AoydprOpog x sivar o ek@€tng mov pe Paon to P diver Tov ap1BUo o

211 mePlocoTEPES £QAPUOYEG, Ol Pdoelg mov ypnowomowovvion givar n P = 10 (dexadikoi
hoyapiBuol) gite n P = e (veméplor AoydpiBuor). LTic TEPMTMOOELS OVTEG, O GLUPOAMGUOS TOL

axohlovBeitan etvor o TapokdTm:
loga = log, o

Ina = log a

[516tntec Aoyapibuwmv

logBIZO
o<l logﬁ(x<0 kot a>1 & logﬁa>0

1
(m.y. logl =0 , log (E)= -0,3 , logd=+0,6)

logBBZI = logl0=1 o Ine=1

1
logB (a) = —logBa

1
(m.y. log2=0,3 , log (5) =-0,3)

logB(ou-az) = logBou + logBaz

(09
1 —) =1 -1
0gg ((x2 ) ogpa — loggan

logﬁ(ap) = p°logﬁa
(m.x. log8 = log2?® = 3elog2 = 30,3 = 0,9)

logg(PP) = peloggh =p
(m.x. 10g1000 = log(10%) = 3«log10 = 3)

Iep. K. IMaywtdkng: Baoud Madnpotucd yio HAT/HAK 11
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log., a
logao = (aArayn Pdong AoyapiBuov)
B log, B
logee Ine 1 1
- loge =1 = = = = —=0,434
(mx-loge=log e =1 0 107 a0 mi0 23 )
logip10  logl0 1 1

T.Y. In =10 = =2,
(my. In10 = log 10 2,3)

logipe  loge - loge: 0,434

1 1
logga=x < a=p" & —=p7" < logg(~) =-x=-loggu
a o

loggu=x1 < w= 1
loggo=x2 < wm= B2

apeop =Pl 2 =172 = logg(ou®a2) = logB(BXﬁXz) =x1+x2 = loggau + loggan

09 1 1
logg (—) =1 «—) = loggm + logg (—) = logga — |
ogB(%) ogg (0 (12) 0ggaLi ogB(az) oggau — loggan

Eoopuroyn: H povada dB (decibel) ko ot cuvaeeic povadec (dBm kAm.)

H povédoa dB ypnotpomoteiton yio va ekepdost Adyovg (KAAGpHOTE) OUOEW®OV HEYEDDV,
avTioTotyel Snhadn oe kabapovg aptOpovc’.

Mo v mepintwon KAacpdtov 16yvoc, o opiopdc tov dB €xel og eéng:

P
7 (ce dB) = 10.10g10(§j

AVTIGTPEPOVTOG TOV TAPATAVE OPIGHO, TPOKVTTEL OTL, OV 1 TN TOV XOYODFGS dB, mopoaoctadel
He v OmAadn av
P P
= — (oedB) = 10.1o —
V=5 ( ) glO[P,j

TOTE
B = 10Wv!10
Pl

¢ H ypnon AoyopiBuov (avi yio Toug apyikodg apdupovg) Sievkoddvel Ty aptlOuntiky dtoyeipion wold

peydAwv M moAD HiKpmv AOywv (kKhaopdtov). IIpdcbeto mhieovéxktnua g AoyapiBunong eivar 6Ot
CUETATPETEY TA, YIVOLEVO o€ afpoiouaTa Kot TO TNAIKO G d1pOPEC,.

Iep. K. IMaywtdkng: Baoud Madnpotucd yio HAT/HAK 12
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Av vy = 3 dB, va Bpebei n Tiun tov Adyov g

Avon

y=3dB = =03 = §ZIOW/1°=10°’3=2.

210V TOpoKATE TivoKo, OivOvIOl OVTITPOCMTEVLTIKG TopUdeiypato KAOUGUATOV 16YX00¢ Kol Ot
avTioToryeg TIHEG Toug o€ dB.

P 103102 10| 1 1 |1 |1 2 4 8 10 | 100 | 1000
P' 8 | 4 |2

- -20|-10({-9 |6 |-3 |0 3 6 9 10 {20 |30
%(dB) 30 {-20(-10|-9 | -6 | -3

Ytov mapoamdve mivaka propodv va yivouv ot e£NG EMONUAVOELS:
¢ Awdoywog duthactoopog tov Adyov P/P' (2 — 4 — 8 «hm.) wcodvvapel pe dodoykég
avénoeig xotd 3 dB (+3 dB — +6 dB — + 9 dB «An. avtictoya).

1 1
¢ Xta ovtiotpopo kKAdopato (T.y. > ﬁﬁm.) ot Tiég oe dB eivor o avrtiBeteg amd TIg

avtioToryeg TYES Tov mapamdve tivaka (—3 dB, —20 dB kAx.).
P P
¢ Tevikd, yu F> 1, o1 Tég o dB elvar BeTikég evd Yo F< 1, elvon apvnTikéc.

Ye mOAMEG mepTMOEL, ot Bfom g oxbog P' tov mapovopooty,  xpnolpomoleitol o
OCLYKEKPIUEVN 1oYVG ovapopds Prer, M omole Bewpeiton aviumrpocomevtiky Yoo ™V €KAGTOTE
KOTNYOpio EPOPUOYDV. LTIG IVOOTTIKES EMKOVOVIES, ol GLVNONG T avaeopds etvat 1 Prer = 1
mW. Xty mepintwon avty], omoladmote GAAN TR 1oyvog ekepdleton o dBm (6mov 10 "m"
oniover dB w¢ mpog 1o 1 mW).

YVYKEKPUEVO 1oYVEL OTL

P (oe dBm) = 10.logio
Pref lmW lmW

AvTioTpéPovTtag Tov Topandve optopd, TPOKVTTEL OTL, OV 1 T TOV AGYOV W (oe dBm),

mopactadet pe «n» dNAadn av

P
ImW

(oe dBm) = 10.10g10[ P
Im
T01€

(L} [ TLALPEN P=10"%1mW
1mW

Iep. K. IMaywtdkng: Baoud Madnpotucd yio HAT/HAK 13
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YTtov  MOpOKAT® TivoKo, OlvovTal OVIUTPOCMRELTIKA TOPAOElYHOTO TIUOV  10YV0G OF
vromoALomAdcto / moAlamAdcio tov mW kabmg kot oe dBm.

P (mW) [ 1gW [ 10pW | 100pW [ ImW | 2mW | 10mW | 100mW [ ITW [2W [ 10 W

P (dBm) | =30 | -20 -10 0 3 10 20 30 |33 40
Hapaderypo
Ye p (wvoomtikn) emkowvoviakn (evén, o moumdg ekméumer oy Py = 2 mW evad to

TNAETKOWVOVIOKO PECO (OTTIKO KOAMO0) €16dyel anodcPeon a = 0,3 dB/km. Av 10 pfkog g
Cevéng etvon L = 50 km, va vrodoyiotet 1 10x0¢ Pr mov Aappdvetatl amd to dékt).
Ynoioyiopnog Pr 6 dBm

Yvvolkn| andiela A = o.L = (0,3 dB/km)x(50 km) = 15 dB

Pi=2mW =3 dBm

P.(dBm) =P(dBm) — A(dB) =3 dBm — 15 dB =-12 dBm = 0,064 mW.

Ynoioyiopog Pr 6 mW

Andreto o = —0,3 dB/km onuaivel peimon g 1oyvoc oto 1079 = 0,933 yia ka0 km.
Yvvenmg v L = 50 km, ) cuvoAikn peiwon givon

A =0,933%=0,032 (=10"").

Pi=2mW

P.(mW) = P(mW).A = 0,064 mW (=—-12 dBm).

Iep. K. IMaywtdkng: Baoud Madnpotucd yio HAT/HAK 14
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4. Muyoowoi apiOpoi (Bacikd otovyeia)
L'evika
Muyadkog givor Evag aptBpnoc g Hopeng

z=x+]Jy

Omov
> j elvar  @avtaosTiKi] povada, onrodn o (paviaotikdg) aplfudg yio Tov omoio 1oyvel 0Tt

P=-1oj=+-10).
> To x = Re(z) yopaxtnpileTon ®¢ T0 TPAYROTIKO LEPOG TOV [yadikoy kKot y = Im(z) og to

QPUVTUOTIKO TOL LEPOG,.

Q¢ péTpo tov pyadtkov apBuod z yapaktnpilerot o (0eTikdg TPOyHOTIKOC) 0p1OUOC

2l = x* +y’

Koapteoiavn, TOMKN Kol TPYYOVOUETPIKN AVATAPAGTACT UYOdKoL optfuovn

H z = x + jy yopaxtpiletor ¢ N KOPTESLAVY] LOPOT TOV LLYOOIKOV aptOpov.
"Evog puyadikdg aptBpodg z pmopet, EVOAAAKTIKA, Vo Ypapel 6T AEYOUEVN TOMKI] LOPOT|
z=p.&"
omov p = |z| To péTpo kat 0 to opropa (Pacn) Tov v AdY® Hyadtkov aptOpo.
"Evoc pryadikog apiuoc z uropel va avoropootadel yeopetpikd pe Evo onueio M pe Kaptesloveg

OUVTETAYUEVES (X, ¥) KOl TOAIKES GLVTETOYUEVES (P, 0). ATO TO oy oL aKOoAOLOEL, TPOKVITEL
OTL 1IoYDOVV 01 TAPUKAT® GYEGELG:

7 H pavtactiky povéda cupPorileton eite pe j eite pe i.

Iep. K. IMaywtdkng: Baoud Madnpotucd yio HAT/HAK 15
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M(x,y) 1 M(p.0)

=x+jy=pe’

v

7
XI

p=x*+y’ =z 0 = arctan(2.)
X

X = p.cosO y = p.sinf

J4

2y6ao: H oyéon 6 = arctan(z) otver dvo (2) yovieg, amd TIg omoieg emAEYETAL ALTH 7OV Eivon
X
ovpPatn pe To APOONUE TOV TPAYUATIKOD KOl TOV QOVTOCTIKOD UEPOVS (NG KOPTECIOVIG
popo1g). I'a mapdderypa, ot pryadikoi aptduoi z =2+ ] V2 o =2 - ] V2 Stvouy (ko o1
d00) tan(z) = 1. Qo1600, Y10, TOV Z1, £ivan 0 = 45° (Tpaypuatikd kot eovTacTiko pépog etikd, dpo
X

n 0 mpémer va ovikel oto 1° teTopTNUOpPlo) evd Yoo Tov z2, givan O = 225° (mpaypotikd Kot
POVTOOTIKO LEPOC apVNTIKA, dpa 1) O Tpémetl va avikel oto 3° TeTapTnUOPLO).

ATO TIC oY€oelg oTEG, TPOKVTTEL €vag UIyadkog aplBuog z pmopetl vor ypopel pe tovg €€ng
1600VVOLOVS TPOTOVG:

z=x+ jy = p.el® = (p.cos0) + j.(p.sin0) =m gl-arctan(y/x)
omov:
> H mopdotaon x + jy yopaxtnpiletor ®¢ 1 KOPTEGLAVY] LOPPT] TOV LYAOIKOV aptOpom z.
> H nopdotaon p.eje YOPAKTNPILETOL OG 1) TOAKY] TOVL LOPPT) TOV Z.
> H nopdotaon (p.cosO) + j.(p.sin0) yopaxtnpiletor g 1 TPLYOVOUETPIKI] TOV LOPOT| TOV Z.

AVOoQopikd e TNV TOMKN pHopon p.eje TOV UYASIKOV oplOUdV, HTopovV Vo, Yivouy T TopaKAaT®

oy omo:

> 'Evag 0eTikég mpaypotikos apBpdc (z =x + 3.0 =x > 0) &xer 0 = 0. Avtd pmopet va eEnynOet
elte yeopetpikd (0 OetikOg Tpaypatikog apBudg x Bpioketon oto Oetikd oplovTio nuidEova

omov 0 = 0) elte TPIYOVOUETPIKA APOV arctan(z) =0.
X

> Evag apvnTikog apaypotikég apBpoc (z=x +j.0 =x <0) éxe1 0 =t = 180°. Avtd pnopei va
e€nyndel eite yeopetpwd (0 apvntikdc mpoyuatikds apfudg x Ppioketor otov apvntikd

optlovtio nuacova 6mov = = 180°) eite TprymvopeTpikd apol arctan( X) =mn=180°).
X
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> 'Evag @avractikdg aplBpoc (z =0+ jy =jy) pey > 0 éxer 0 = g = 90°. Avtd pmopet va
e€nynoel eite yeopetpwd (o z = jy pe 'y > 0) Ppioketar otov OeTikd KoTtakOpLPO MuaEova

(6mov 0 = g = 90°) &ite Tpry®voOUETPIKA (aPOD arctan(z) = arctan(o) = gz 90°).
X

> 'Evog @avtaotikég apOpog (z=0+jy=jy) uey <0 éye1 0 = —g = —90°. Avto pnopet va,

eEnynbel elte yeopetpikd (o z = jy pe y < 0) Bpioketon otov apvntiKd KotakOpveo ndéova

T

(6mov —g =-90°) gite tprywvopeTpikd (apov arctan(z) = arctan(—o) = 5 =-90°).
X

I r r ’ . , , . 1 1000
>  Me Béon ta napamdve, kot dedopévov ot | j | = 1, woybder o1t j = @2 = %0,
CATOLOVOVOVTAG) TNV 160TNTO

p.eie = (p.cosB) + j.(p.sinB) = p(cosH + j.sinh)

[IPh]

KOl QTAOTOLMVTOG TOV Topdyovta “p” mpokvmtel n TavtéTnTe Tov Euler

e = cosh + j.sinf

O apBudc z = -3 + j4 va ypoagel o€ TOAKY LOPOY].

z=3+j4 = [z|=p=1(-3)> +4% =5 ku 0= arctan(%) =-0,93 rad = —53,3°
Apa z=-3 +j4 =509 = 5339
yoro: H oyéon 0 = arctan(%) divel 600 (2) yovieg, tnv 0 = 143,3° xau tnv 0 = —53,3°. Emidéyetan

=-53,3" = -0, OY® TOV OTL O Z € TIKO T TIKO UE TIKO TOOTIKO
0 53,3° 0,93 rad AOy® TOL OTL 0 Z £YEL OPVNTIKO TPAYUOTIKO HEPOC Ko OETIKO QAVTOOTIKO
K0, GUVETTAG, 1 YOVia TOL ovikel 6To 4° TETAPTNUOPLO.

2uluyne Wyodkoc optuoc

O ovluyng z* evig pryadukol aptBpov opiletot og

z¥ =x—jy=x+j(y)

e oyéon pe tov apykd pyadtkd apbud z, o cvluyng ovlvyfg z* £xetl iowo pétpo Kot avtifeTo
opwopa (eaon). [pdypatt

Iep. K. IMaywtdkng: Baoud Madnpotucd yio HAT/HAK 17



AZITAITE / Tuqpo Exmoudevtikav Hiektpoldyov Mmyavikov & Exrtondevtikav Hiektpovikdv Mryavikov

25 = X7+ (y) =X +y? =[z] =p
0* = arctan(i) = —arctan(z) =-0
X X

apa

Z* = pe_.le

v

O apBudg z = -3 + j4 va ypoeel og TOAIKN LOPPY| Kot VO, VITOAOYLoTEL 0 GLLVYNG TOL.

z=3+j4 = [zl =p=1(=3)2 +4% =5 xon 0= arctan(%) =-0,93 rad = -53,3°

Ape 2= 3+ jd = 5.dC09) = 5330
7% = 3 4 = 5.00099 = gJ+5330)

(0 ovluyNg YadIKog z* €xet 1010 HETPO Ue TOV Z Kot ovTifeTn @dion)

Iep. K. IMaywtdkng: Baoud Madnpotucd yio HAT/HAK
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[paéeic petoéd uyodikov aptipumv

z1+z2= (X1 T jy1) + (X2 T jy2) =x1 +jy1 T X2 +jy2 = (X1 ¥ x2) +j(y1 +y2)
z1-z2= (X1 t]jy1) - (X2 tjy2) =x1 Hjy1 —x2 —jy2 = (X1 — x2) T j(y1 — y2)

zizo = (X1 + jyn)e(xe +jy2) = xixe + xijy2 +jyixe + jPyiyz = (xix2 = yiy2) +j(xiy2 + yix2)
Z1°Z2 = pl_elel per]GZ = Pl.pze'(el+62)

Z1 _ xpHiyr - X+ jypDEa +ya) (KXo =iy Hi(X1y2 +yiX2)

zy Xp—Jy2 (xp-jy2)X2 +]y2) Xo2 +y,?

Z_l = p_lej(el '92)
Z P2
7" = p"e™ = p"[cos(nB) + j.sin(nd)]

H xapteciavn popen tov pyadikdv aplfpmy eEummpetel meptocoTepo oTIg TPALEELS TG TPOcHeoN g

Kol ™G oaaipeonc. Me 1 oepd g, M moMkn popen eévmnpetel ot mpdEelg Tov

TOAMATANGIC OV Kol TNG Olaipeon g KaODS Ko Ty DYymon 6g dOVa.

Hopaderypo:

No voroyiotobv ot aptfpoi j° , j*, j4¢, jHert | jHer2 | jaets

PER=EDi=

===l

i (]4) =1"=1

=t =1e =

K02 2 2 = a1 = —1

P =P = 1) =

Hapaderypo

Avzi=3+j=2." xu z3=1+j= 2.6 vo vroroyiotovy ot pryadicot apiOpof

z 3

1
Z1t 272,21 —22,21°Z2, —, Z1

_ZZ

z1+ 2= (3+]) +j(1++/2)
21— 2= (J3-1) +j(1-42)

Z1°Z2

— /2 @6 _ 5 [ (i(5n12)

13 — 23ej3(7[/6) — 8e](7£/2) — 8_]

Iep. K. IMaywtdkng: Baoud Madnpotucd yio HAT/HAK
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Av z=1+1i, va tpocdiopiotovy ot apdpoi z2 ko z>.

=lz=V12+12 =2

0= arctan(l) —450="
1 4

Apa

LT

i i iz
2¢ 4 = Z2=(2)e 4 =2¢2= 2[c0s5+Jsm 1=2[0 +j1] =2

= 232(\/5)36 4_2\/56 4—2\/_ cos—+an—] 2\/_[—£+ £]——2+2j

To 1810 amoteléopoto Oo TPOEKLTLTAY Kol LE XPoN ToV Towtothtav (o + B)* = o + 2af + Bz Ko
(a+PB)* = o +3a2B + 30f? + B°.

[pdypar,

(1+i)?=12+2elei+?=1+2i+(-1)=2i

(1+1P =1 +3e12i+3elei?+P=1+31-3-1=-2+2j

INa toug evluyeig piyadikos, 1oyvovy o1 GYECELS:
(z1 £ 2)*=z1* £ 2o*

(Z1 * Zz)*z z1* » 2p%

(2")*=(z*)"
2\ _a*
Zy B Zy *

KaBmg Ko 1 oyéon

zez*= [z =x*+y*

Ot oyéoelg amodekvoovTol BempmvTog

Z1=X1Tjy1= p1.ejel, 72 =x2+jy2 = p2.€2 Gpa

Z1*=x1-jy1= p1.e_jel, 2% =% — jy2 = pa.e ¥l

KOl YPNOILOTOIDOVTOG TIC KOPTESIOVES LOPPES Y10, TO AOPOIoHOL Kol TN O1pOPE KOt TIG TOAMKEG
HOPQES Y10, TO YIVOUEVO, TO TNAIKO Kal TNV DY®ON GE duvaun.

H oyéon zez*= |z’ amodeicvietar Osmpdvtag z = X + jy Gpa z* = X — jy omdte

zez*= (x +jy)(x = jy) =X’ = (y)’ =X~y =X’ - (-D)y’ = x> + y? = 2"
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lootnto petaéH wyadikov aplduov

Avo yadwkoi apiBuoil eivon ioor O6tav Kor pdvov Otov €xovv ica TPAypoTiIKG Ko ica
QPUVTOOTIKA PEPT. AnAadn

Z1 =72 <~ X1=X2KMYy1 =Yy

Emonpaiveror 0t o1 6yécelg «ueyardtepos (>)» Kot «puKpoTEPOS (<)» 0gV €YoV vonua yio
TOVG UIYad1KovS aptBpove.

Av z1 = 2a+P) + j(20—p) kot z2 = (a+p+2) + j(o+P) kot 1oyveL 0Tt 1 = Z2, VO, VTOAOYIGTOVV T O, .

AoV z1 = 72, Ba mpénel (2o+P) = (o+p+2) kar (20—P) = (a+P). And TIG 6YEGES AVTEG, TPOKVTTEL
otta =2 ko B =1 ondte yio Tovg [yadtkovg aplfovs, 1oyvel 0Ttz = 72 = 5 + 31.

H ernidvon e e€icowonc (" = z (z yvootoc uryadtkoc aptiudc)

Av z=x+jy= p.eie YVOOTOG uryadikog apdudc, n eEiowon " =z £yel 11 Moeig

2kn+0 . . 2kn+0
CkZQ/B[cos - + jsin " ] (k=0,1,2,...,n-1)

> H ekiowon (" = z éyel n Moeig (0oec ko 0 ekBétne Tov {, dnhadf o Babuog e e&icmong).
Mo k >n - 1, o1 MWoelg enavorappdvovral

2nm+6 2nmt +0 0 0
Ily. a k = n, {y = {1/5 [cos AR jsin o ] = \/E [cos2n+—) + jsin(2a+—)] =
n n n n

0 0
Yp [eos() +jsin()] = &.

2kn+0 . 2km+0
+ jsin

> Ot Moeig & = Q/E [cos | Bpiokoviar o kOKAO aktivog % K,

peta&d Tovg, anéyovv Katd yovia 0.

>  Evoweépov €xel ) mepintwon mov o z givorl 0eTikdg TpoypotTikog apBpdg (dniadn x > 0,
2k 2k
y=01xo0=0, dpo z = |z| = p). Tote {k = % [cosTnvLjsinTn] k=0,1,2,...,n-1)
INa mopaderypa, 1 e&icoon (' = 8 éyel AMoeig T1g
2k 2k
4= 38 [cos—nvLjsin—7t
3 3
Co=2

] (k=0,1,2) dnradf tig

2 2 1 3
G =2[cos+ jsin ] = 2[—;1'%] ~—3+]

4 4 1 3
6= 2[cos?n+jsin?n] = 2[—5—j§] = 3]
(evo, Yo TNV dAyERpa TOV TPAYUATIKOV aptOu®v, TpoPfAéneton povo n Avon {o = 2).
>  Zmv aepintoon mov z= 1 (omodte x =1, y=0xka1 0 =0, apa. z = |z| = 1) eivan
2k 2k
G = [cosTnvLjsinTn] (k=0,1,2,...,n-1)

Kol 01 AMGELS Ppiokovtal Tl TOV TPIY®VOUETPIKOD KUKAOV (TToL €xel axtivor = 1).
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H oyéon petaéd tpty@voueTptkoy KUKAOL KOl LYOOK®OV optiudv

2TOV TPLYOVOUETPIKO KUKAO, 0 0PIEOVTIOS KOl 0 KATAKOPLQOG AEOVIS UTopovv va BempnBovv g

0 4EOVOC TOV TPAYUOTIKOV KOl QUVTAGTIKAOV 0plOUdV avTicTotyo. 10 TANIG10 0VTO, TO ONUELD

(eml TOL TPLYOVOUETPIKOV KVKAOV) TOvL avtioTolyel otn yovio 6 pmopel va Bewpnbel o1

AVTITPOCMOTEVEL Evay MIYOOKO aplOpd z 0 omoiog (O€ TPIYMVOUETPIKI] KOl TOAIKY HLOPOT,

avtiotorya) ekepaleTol g
z = cos0 +j.sinf = 1.ei

aVOTOPAYOVTOG, OVCLUCTIKA, TNV TaVTOTNTA ToL Euler. To pétpo [C| eivon mpopavag
lz| = |&°| = Vcos*0 +sin’0 =1

(TOV, OVCIAGTIKA, Elval 1] PUGTKT TPLY®VOUETPIKH TOLTOTNTA cOs20 + sin%0 = 1).

Eexwvovtag and v tavtotnta tov Euler,

e = cosO + j.sinf
TPOKVTTEL OTL:

e 19 =¢l0) = cos(—0) + j.sin(—0) = cosO — j.sinO
O6mov £ywve Ko yprion TV oyécemv cos(—0) = cosO kat sin(—0) = —sind.
Ot dv0 mopanave cyéselg cuvoyilovion 6TV

¢9 =cos0 + j.sind

y , r r s -+ —] / r
IpocBiTovTog Kot apopdvtac, katd péln, tic oxéoeis v ta e 10 kou e 7% mpowomrer otu:

¢+ ¢7% =2¢c0s0 = cosO = %(eje + e_je)

¢ —e®=2jsin0 =  sinf= 2i (¢ — %)
J
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H oyéon petaéd d1ovuoudtov Kot yodtkdv aptduov

‘Evoc pryadikog aptBuoc z = x + jy avtiotoryel 6e o1avuope. v ov £xel og apyr to onueio O(0,0)
(apyn Tov aEOVoV) Kot Tépag To onpeio M pe Kapteslavég GUVTETAYUEVES (X, Y). ANAadn|

z=x+]y < v=0M o6mov M 1o onpeio (X, y)
To dBpotopa Kot n S1popd TV Hyadikdv aptOpdv

Z1 = X1 +jy1

72 = X2 +jy2

avtioTolyel oto abpotoua kot T daeopd TV dtvucpdtov vi = OM1 kot v2 = OM2 6mov M 10
onpeio (x1, y1) kot M2 to onpueio (X2, y2). Anloadn

Zitz=x+x2)tjlyi+y) < vi+tyv2=0Mi+OM
zi—-22=X1—-x2)Tj(y1—y2) < vi—v2=0Mi-OM:

Iep. K. IMaywtdkng: Baoud Madnpotucd yio HAT/HAK 23



AZITAITE / Tuqpo Exmoudevtikav Hiektpoldyov Mmyavikov & Exrtondevtikav Hiektpovikdv Mryavikov

5. Yvovaptioeg (Paocwka otovyeia)

5.1. Mopayoyion covepTRoE®V

Op1oudC TOPOYDYOL

H rapayoyoc ' (x) = j—f (o€ Tuyaio onueio x) pag cvvaptnong f(x) opiletor OTMOS TOPAKATO:
X

s . df f(x +h)—f(x) .. Af
f'(x)= o hm(h_m)T = hmE

H mopdywyog ekppdler ) petafoin) Af mov mpoxkaieiton o pio cuvaptnon f(x) amd ™ petafoin
AX ™G aveEAPTNTNG LETAPANTAG X.

Hapaderypo:

‘Eoctm 611 évag yopog mepi€xel @optio q(t) mov petafdiieton pe to xpovo. Tote 1o pedpa i(t) mov
o N , sy — dd

expéet amd To YOPOo N €10pEEL o€ avTdHV givar ico pe i(t) =q’(t) = T

2
t 2t
ILy. avq(t) = T Yo 0<t<10sec = i(t)=q’(t) = " (yio 0 £t < 10). Avtd onuaivel 0Tt

Katd 10 Ypovikd dtdotnua [0, 10sec] o poprtio q(t) petafdrieton (mapaforikd) and 0 émg 25 Cb
EVD, TOVTOYPOVA, TO pevua petofdiletor (Ypappkd) amd 0 éog 5 A. T t > 10 sec, omdte 10
poptio stadeponoteitor ota 25 Cb, 10 pevpa eivar i(t) = q’(t) = (25)° = 0 (dnradn eivon pndevikd).

Bootkol kavOovee mapaydyionc

[cf(x)]” = of (x)
[fx) +g(x)]” = (x) + g"(x)
[fx) - gx)] = £(x) - g"(x)

[f(0)sg(x)]” = £ (x)eg(x) + f(x)eg” (x)

( fix) j.: £ (x)g(x) ~ fx)g (x)
g(x) g2 (x)

( 1 J.:_ g(x)
) o?(x)

[f(2(x))]” = £ (2(x))+g’(X) (moparydyion covdetg cvvépong) ®

8 H oyéon dnidver 6TL n ovvbetn cuvépmon f(g(x)) mapoyoyiletar wg mpog t g(x) (mov, TPocwPVA,

Bewpeiton og aveEaptntn HetafAntn) Kot otn cuvéxew, N g(X) Tapaywyiletol wg TPog X.
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[Hopoyodyion BocK®V GLVAPTNCEDV

() =0

=’ =ax"" ()

(sinx)” = cosx

(cosx)” = —sinx

() ="

(Inx)’ = 1
X

sinx ., _ (sinx)'(cosx) - (sinx)(cosx)' _ (cosx)(cosx) - (sinx)(-sinx) _ cosZx +sin>x 1

(tanx)’ = ( ) 5 5 7 3
COsX Ccos“Xx Cos“x COS“X COS“X

sinx

[In(cosx)]” = (cosx)'= (—sinx) =— = —tanx

0SX COSX COSX

MeAétn ocvvaptnonc (Kot oyedioon TS YPUOIKNC TN TAPACTACNC)

H pedétn ovvaptnong yivetar pe Bdon ta mopoxdato:

v Zta onpeia xi 0nov £ (x1) = 0, N cvVapTNOoN TOPOVSLALEL
* péyreto (max), ov, 6T0 GLYKEKPIUEVO ONUELD Xk, etvar £7(xk) < 0
* gl@yeTo (min), av 6TO CLYKEKPLUEVO onueio Xk, eivar £°(xx) > 0
+ onueio KapmiS, av 6To GLYKEKPIUEVO onpElo Xk, etvar £°(xxk) = 0.

v Avogopikd pe to mpdonpo tov £(x) kot £°(x), woyvovv to eE7c:
. Y10 Swotipota 6mov £2(x) > 0, 1 cuvaptnon sivar yvnoing avéovea (T).
. Y10 Swothipota 6mov £(x) < 0, 1 suvapton eivor yvnoiog eBivovsa (V).
+ 210 dwotnuoata o6mov £°(x) > 0, n cuvaptnon eivol kupty (V).
« Xta dwnotipata 6mov £°(x) < 0, n cuvdptnon eivar koidn (N).

Me Bdon ta mopamdve, EXOVHE TIC EENG TEPUTTMOCELS

v Zto SwotApota émov £(x) > 0 kou £°(x) > 0, n cvvapnon eivar ad&ovoa kot KupT (/).
v Z1a dsthpato omov £2(x) > 0 kot £°(x) < 0, | ovvaptnon eivon ad&ovea kot Koiln (/ ).
v Zto SwotAuata 6mov £(x) < 0 xou £2°(x) > 0, 1 cuvaptnon sivar Oivovsa kot KupTy ( L).
v

21a drsthpato omov (x) < 0 kot £°(x) < 0, | cvvapTnon ivar POIvovsa Kot KOiAn (\ ).

% Apeon ovvénela etvan 1 oyéon (x)’ =1.
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O ypa@ikég TaPaoTAGELS OPIGUEVOV BACIKOV GUVAPTICEMY PAIVOVTOL GTA GYNLOTO TTOV
aKoAlovBovv:

H moivovepika sovaptnen f(x) = ax + f.

y t/ \n T

pd N

@)

/ 0 x 0 \ % 0 x
a={ a=( a=0
H moivovemkl covaptnen f(x) = ax’, az0.
Vi Vi @
0 N
0 X
= a=()
H morvovopikn] covaptnon f(x) = a’, a=0.
Y Vi
P X 0 4
=) <)
; : @
H pymy svvaptnen f(x)= o %7 0.
Vi, by
I
|I |
| |
k%___i s )
IIII II
ir=l) | a<l) !
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O sovapmicais f(x)= Vx, g(x)= x.ll| X |.

¥i Ya

(]

O tpryovikes suvapTieanc: flx) = quv. fx) = ova, fix) = spx.

Vi
1
______ SE (e AR ———————————p—— e i B
1
4 e N !
E y=npx
Vi

y=epx
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H skbenikn osvvapmnoen fix) =a', 0<a=1.

Y LY
==
i
1 1 1
|
___,——"//‘ : ot i —
S— ! - i "
o x 0] I X
a1 () D<ozl ]

Inuovtikn €01kn tepintmon givor 1 f(x) = e* (1 ypapikn mopdcToon eival TopOUOLo [LE QLTI TOV
TOPATAVD GYNUOTOS (o) LE o = €)

H ioyepBpmkn) coviaprnen f(x) =logx. O<a=1

Y|

i1

(a)

=y

0

Demel

-y

LA

INUovTikn €101k mepintmon sivon 1 f(x)

TOV TTAPOUTAVE® GYNUOTOG (0L) LE O = €)

= Inx (m ypa@kn TopdoTaot ivol mopdHolo Pe ovTHV
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5.2. OloxkMpmon cuvapTHGE®V

Oplopdc OAOKANPOLOTOC

To (a6proto) ohokipmpa F(x) = Jf(x)dx pag ovvdaptnong f(x) etvor o véa ovvdptnon F(x)
této10 Gote F’(x) = f(x). Anhody

Fo =Jfods+e o Fx)=fx) (%)
omov “c” elvar  otaBepd oAokANpwong (Tpootifetan AOy® TOv OTL, KOTA TNV TAPAYDYIOT TNG
F(x), unodeviletan).

Anhadn|, To (aOPIGTO) OAOKAN PO, _[ f(x)dx pog ocvvdptnong eivan pia véa cuvaptnon F(x) tétown

MOOTE M TOPAYOYOS TG va etvar 1 f(X).

=2x + 0 = 2x).

To opropévo oLoKANP®UO TPOKLTTEL OO TNV OAOKANPWOT G€ GLYKEKPIUEVO dtdotnpa [a , b] kot
gtvat 1 Ty Tov TPOKVTTEL e PAomn T oxEon Tov aKOAOVOEL.

b

J fx)dx = F(b) - F(a) ("

a
To opropévo orokinpopo ekepdlet To EuPaddv mov mepikieictar amd T YPAPIKN TAPACTOCT TNG
f(x) (ywo to dotnpa [a , b] kan tov opldvtio dEova X X.

0 <t <5 sec. Tote 10 poprtio q(t) Tov GLoCOPEHETAL GTO YDPO Eivar

5 5
q=[i(tdt = [2tdt= [t*]3 = 5>~ 0 =25 Cb.
0 0

10 H F(x) ovopdletan Kot «mapiyovsa cuvaptnony».

1 Emonpaivetat 611 AMoym g agaipeong F(b) — F(a), 610 opiouévo ohokAnpopa dev epgaviletor otadepd
OAOKAPMOTG.
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Baoikol kavovec oAOKANP®ONG

[fx).d(kx) = k Jf(x).dx

[kfx).dx = kJA(x).dx

(00 + g(0]dx = [f).dx + [e(x).dx
J[0) - 2(x)]dx = [f).dx - [ex).dx

J£ (%).2(x).dx = f(x).g(x) - )£ (x).2” (x).dx

OlokMpwon Bocikdv cuvaptnoemy'?

o+l

IXadX: X
o+1

(o= —1) ("))
HE GUEDT] GUVETELX TIG OYEGELS

_[dx =X

Jie.dx = 1 Jdx = kx

Jxtdx = [ L dx = njx|
X

,f sinx.dx = —cosx

,f cosx.dx = sinx

,fex.dx =¢e* &)

Hapdderypo: jexdx = [ex]}) el eV =e-1

0

6 9

12 ¥10 de0tepo (&) péhog twv oyéocmv, npénet vo mpootedel ko 6tadepd olokAfpwong “c” n onoia, yia
AOYOLG ATAOTNTOGC, TOPAAEITETAL..

B30 mepropiopog a = —1 oyetiCeron pe 1o yeyovog 0Tt o mapovopaotig ot npémet va givor # 0.

4 To yeyovég 611 | cuvdptnon f(x) = e* mapapével «avarloio» 060 KTl TNV TopaydYIot 0G0 Kot
KOTA TNV OAOKANP®GT] TG ivan £vog amd Tovg AdYoLS TG XPNONS EKOETIKMV CLUVOPTNCE®Y GTN HEAETN TV
ONUATOV.
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TowtdnTEC UE 0PLEGUEVE. OLOKANPDOUOTA TPYOVOUETPIKOV GLUVOPTNGEMV

,[(o,z,,) sin0.d0 = [cos0] %n =cos(2n) —cos(0)=1-1=0
(0.0 c050.d0 == [sind] 2™ = [sin(2m) — sin(0)] = 0~ 0 =0

[ 0,20) €940 = [,20) c080.d0 +.J0.20) $in.d6 = [5in6] o™~ jlcosd] 5™ = [sin(2m) - sin(0)] -
jlcos(2m) — cos(0)]=[0—-0]—j[1 —-1]=0

1+ cos(20)

1
J (0,2 €0520.d0 = [, 2r) do = ,[(0,27[)5 do =

cos(20)
2

do = [% ] %n + [sin(20)] 8“ = (277[ -0) +% [sin(2.2w) — sin(2+0)] =

s 1

n+%[0—0]=n (*%)

Oeopoviog 0 = 2n.fit = 2nnfot 6mov fiu = nfy M ocvyvéTTO TNG N-0GTNHG OGPHOVIKNG KOt

Aappdvovtag veoyn 0Tt N meployn orlokAnpwong [0, 2nm] g wpog B, aviicToyel oty TEPLON

oroxkAnpwong [0, nT] w¢ mpog t, TpokvmTel OTL:

[0 sinmnfot).dt = [cos2mnfot)] 0.z = 0
J(o,UCOS(2n.nfot).dt = [sin(2n.nfot)] 0,1 = 0

I(o,Dejzn'nfot.dt = I(o,DCOS(Zn.nfot).dt + .J(o,r)sin(Zn.nfot).dt =0

T m#n

J.(o,z") A’cos’(2m.nfot).dt = I(O,D A?

J((),U AZsin?(2m.nfot).dt = J-((),T) A?

1+cos(2.2n.f t) dt= A°T

1—cos(2.2n.f 1) di= A’T

J 0.0 sin@m.nfyt).cos2m.nfot).dt = 0

L
15 Tevika, J.(QL)COS2X.dX =5
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5.3. Ewwkég ovvaptiosig

H xpovotikn cvvdptnon o(x)

H kpovotikn cuvaptnon 6(x) opiletol Onwe mapakdtm:
0+
d0x)=0,yiax#0 étolwote I(_aq+aq8(x).dx = J.Oi d(x)dx=1 (I1.63)
O mopamdve oxEcelg ONAMVOLY OTL 1] KPOLGTIKY] GLVAPTNON O(X) £xEl UNOEVIKT TIUT EKTOG OV X =
0 omote Ko AopPdvel por Amelpo HEYAAn TN, Kotd T€T010 OUMS TPOTO, MOTE 1 EMPAVELN TOV
0+
nepikAeiel (Onwg ekPpaletotl amd To OAOKANPOLLN ,f d(x).dx = J;_ d(x)dx ) va etvon iom pe 1.
I"'evikevon tov mapamdvm TuToL amotelel 1| e€lowon

3(x-a) =0,y x %0 Ero1doTE | imdlc-o)dx = [ 3(x)dx = 1

Moo oo
3(x) 5(x—a)

0 X 0 x=0 X

AYO Bacikég 1010TNTEG TNG KPOVOTIKNG GLuVEAPTNoNG givat ot €€1g:

[ 5(x).f(x).dx = £(0)
J O(x—a).f(x).dx = f(a)
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H ocvvdptnon dsrypatoinyioc Sa(x)

H ocvvapmnon derypoatoinyiog Sa(x) opiletor amd tov THmO:
Sa(x) = sinx
X

[Ma v topondveo cuvdptnon 1oyvovy Ta eENG:

» H péyiom i Samax mpokdmtel o x = 0. Zvykekpipéva woydet Otu
)=1

> H ovvapmon pndevifetm yio x = nxt (n#0). loyvel oniadn ot

. sinx . sinx)' . COSX
Samax = llmxﬁo [_] = llmxﬁo ( ) = llmxﬁo(
X

Sa(nm) =0 (n==1,+£2,...)

1| Sa(x)

N~ N
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6. H sticwon 2°° Badpov) ax>+bx+c=0
O pileg p1, p2 TG e€lowong 2°° Babuov (1 tprovuuikng eElomong),
ax’+bx+c=0

dtvovtan amd Tovg TOTOVG

_ -b+yb%-dac  -b+4/A

pr= 2a 2a
“b-vVb%-dac  -b-JA
p2= =
2a 2a

omov n mosdtNTa A = b? — 4ac opiletor w¢ 1 Srakpivovso TOL TPIWVOLOV.

Me ™ oe1pd TG, N TPIOVVLLKY GuVAPTNoN (Tprdvopo) f(X) = ax> + bx + ¢ umopel va ypagsi ot

Hopey
f(x) = ax> + bx + ¢ = a(x — p1)(x — p2)

o ™ owkpivovea A ko T1¢ pileg g devtepoPfaduiog e&lowong, VTAPYOLY Ol TAPUKATM
MEPITTAOGELS!

> A>0 = pi=
ot p1, p2 €lvarl TPpaypatTikéS (p1, p2 € R) Kot SPOPETIKES (P1 # P2)

-b
> A=0 = pi=p =Z (pia ovrAn wpaypatki) piCa p)

-b+ | A -b-jy|A
> A<0 = pi= % , P2 = % (pileg ovlvuyeic pryadikéq)
a a
Ye k00e mepintwon, Yo tig pileg p1, p2 10YXVOVV 01 GYECELS

b c
prtp=——, prrp2=_—
a a

H tpriovopiki cvvaptmon (tpidvopo) f(x) = ax? + bx + ¢ mapovstdlel akpoTaTo yio

b _piter
2a 2
> Av a>0, 10 akpdrtarto givor ghdyreTo (min).

X=Xo= — (To X, €tvan T0 PHE€GO PETOED T®V OVO PLLMV)

> Av a<0, 1o akpdrtaro givor péyroto (max).
b

Avto pmopet evkora va dwmotwbel, dedopévov ot £(x) = 2ax + b (undeviletor yio X = X = _Z)

evo £°(x) = 2a omote, ava >0 = £°(x) >0 (1o axpdtato eivar EhdyloTo) evo, ava <0 =
f°(x) <0 (to axpoétato givor péyroTo).
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A asigemy ¥

L 5
X ¥
Ipoagikn Tapdotacn e f(x) = x*
Eneidr a = 1 > 0, n f(x) mopovsidlet edyioto kou enetdn A = 0, ) e€icwon x> = 0 &yet pio SutAn
piCa (p1 = p2=0), o
g M,

I'pagikh topdotacn g fix) = —x>
Eneidn a = —1 < 0, n f(x) mapovcidlet péyioto kar emetdn A = 0, ) eéicwon x> = 0 éxet pio Suthn
piCa (p1 =p2=0),
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RN ERNRRR

\ O afeemy y = ax®

N

=10 -2 -2 -4 -2 0 2 2 10 12 14

)
N

Ipaguc mapdotacn mg f(x) = x> — 10x + 24:

Edd A =b? — 4ac = 4 > 0 ondte TO TPIOVLO ExEL dV0 Tparypaticéc (Kot Stapopeticéc) pileg

(p1 =4, p2 = 6) mov &ivor Ta onueio TounNS e Tov oprlovtio déova X X).

i)

Eneon a =1> 0, n f(x) mopovcidlel eMdyloto (yio x =Xo =5 = >

Noa emtAv0ovv 01 TaPaKATO YPOUUUIKES SoPOopIKES eEloMTELS 2™ TAENg
(@) xX>*=5x+6=0
(B) x2—4x+4=0
() x2+2x+5=0

(@) a=1,b=-5,c=6 = A=b>—4ac=1>0 = pj=——— =3, ;= =2

(pieg mpoyLOTIKEG Kot SLOPOPETIKES)
-b

(B) a=1,b=—4,c:4 = A:b2—4aC:0 j— p1:p2:2—22
a

(oA mparypatikn| pila)
EvoAlakTicdc Tpomoc: Me amhi| emokoOnnon Tpokvmtel 01t X2 — 4x + 4 = (x — 2)? ondte
XX-4x+4=0 & (x-2)*=0 < p=2.

(y) a=1,b=2,c=5 = A=b’—4ac=-16<0 =

“b+4A “b-+/A
a

1420 o=
2 b

(pileg ovluyelg pryadikéc)

b
Kot yia ta tpia mopadetypota, etvar gdkoro va miotonombel 6t 1oydovv o1 oyecels pr + p2 =——
a

C
prep2= .
a

5
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7. I'pappikéc owogopikég e€iomoeig 1" ko 2" taéng (Paowka octovyeia)

7.1. T'svika

2T1C OLUPOPIKES EEICMGELS, Ol AYVMOTOL £IVOL GVVAPTNGELS. XTIC £EI0MGELS AVTEG epeavifovtat ot

GyvVoOoTEG GUVAPTACELS Kol Ol ToPAY®YOi TOVG (LEYPL KAmolag TAENG).

I'pappikég Aéyovtot ot dlopopikés eEIGMOELS OTIC OTOLES 1] AyvmoTn GUVAPTNON Kol Ot Tapdymyol
™ eppaviovior ommv wp@TH dvvapy. Xtc eéowoelg 1" 1déng speaviCeton n dyvoom
ovvapmnon kot 1 1M mopdymyds e eved otg e€lodoelg 2" TaEng epgaviCetor n dyvoot
ouvapmnon kot ot Topdymyol e 1M ko 2" tééng. Fevikd, n T4EN pog dpopikng e&icmong

kabopiletar oamd v T4EN TS AVAOTEPNS TAPAYDYOV.

M ypappikn dtapopikn e€icwon 116 Taéng €xet ) popen
d , ,
L HPOY=QO i Y POy = Q)

EVO oL YPOppIKY otopopikn e€locmon 21 TdEng £xetl T Lopon|
d? y dy , ’s >
dt_2+ A(t)a +P(1).y =Q() M y  +A@®).y +P(t).y=Q(1)

omov y(t) n dyvootn cvvaptnon kot R(t), P(t), Q(t) yvootéc cuvaptnoelc.

Av Q(t) = 0, n owpopwkn eElowon yopaxtnpiletor ®G opoyevis evod ov Q(t) = 0,
YOPOKTNPILETOL MG PN OROYEVIG.

H yevikn Mon pog dwapopikng e€lowong mepiéyet 1 1 2 otaBgpéc, avaroyo pe 10 oV
dwpopkn e&lowon etvar 1" 1 2™ 1a&nc. Ot otabepéc avtég mpokdmTOLV Ao TIG TPAEELS
OAOKANPMOOTG KO HTOPOVV VO VTOAOYIGTOVV HOVO OV Elval YVmGTEG 01 apykKES GuVONKES (1) TIUN
NG GLVAPTNONG 1/KOL TOV TAPUYDY®V TNG TN XPOVIKN oTtyun t = 0).
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7.2. I'poppikéc dwupopikég eEromoeig 1" 1aéng

Mo péBodog yuo v emiAvon Ypoppk®v dtapoptk®dv eElomcemv 11 1aéng eivar 1 péBodog Tv
yoplopevov perafinrov. Koatd ™ pébodo avtn, n egapmmuévn petafint) (qyvoort
ouvapmnon y) eppoviCetan (petd omd mpdéelc) oto mpdTO (apLotePd) UEAOG VD 1 aveEApTITN
petafint t oto devtepo (6et) pérog.

Ouoyeveic dtapopikéc eElomoeic 1" taénc

H pébodoc tov yopllopevov petafintdv yio opoyeveis ypouuikés dtoupopikés eélomoelg 1M
TaENG epapudletal og eENG:

dy
— +P(t).y=0
" (t).y

dy

=L = _P(t).
" (t).y
dy_ —P(t).dt
y

[9 — _fpeo).dt
y
Iny = —JP(t).dt + K,

y(t) = PO Ky Ky TP .dt e Pt

omov K otafepd kon K = e *1 (o véa otadepd).

2mv (apketd cvvnOn) mepintwon 6mov P(t) = p (otabepd) n enidvon g opoyevoig e&icwaong
1™ 16&ng yiveton og e&Ne:

dy
—+py=0
a7
dy _

i P
gZ—p.dt
y

J.ﬂ: —Ipdt =—pt+ K
y

Iny = —pt + K;

y(t) =P K1 = e KigPt = Ke P!
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Mn opovyeveic dtapopikec eElomoelc 1™ taénc ue otabepovc cvviersotéc (P(1) = p kot Q(t) = q)

H eniAvon pog pn opoyevodg dapopikng e€icmong 1™ 1aéng pe otabepodg cuvtereotés (Tng
dy

Hopeng — -+ Py = ) yiverar og sific:
v Apyikd, emloetan (pe ™ pébodo twv yopllouevoy uetofAntdv) n opoyevig eEicwon
%+ p.y = 0 amd v omoio mpokdmTel | Aon yu(t) = Ke ™' (BA. apéomg mponyodusvn

VIOEVOTNTAL).

v' Me Bdon 10 mOpamlve omoTéAESH, Yo TNV emiAvon NG opYIKAS (U OpoyEVODQ)
gficoong, emiéyetar pio Avon ™ popec y(t) = u(t)e ™' émov u(t) cvvéptnon mov Oa
VIOAOY1GTEL Katd TNV emilvon g e&icmonc.

[pdypatt, sodyovrag ) ocvvaptnon y(t) = u(te ™ oty apyin séiccocm%wL Py = q,

TPOKVTTEL OTL

v’ (t)e P — pu(t)e P + pu(t)e P =q =

veP=q =

vt)=qe™ =

u(t) = J qe? = dePt4 K

p

Apa

y(©) = u(t)e Pt = LePleP 4 Ke Pt =
p

y(H) =Ke?+ 3
p
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Mn opovyeveic dwapopikec eElomoeglc 1™ taénc (yevikn mepimtoon)

H epappoyn g tapandve dadikaciog o eEicmaon T LopeNg
dy

—+ P(t).y=0Q(t

" 0.y =Q(1)

oonyel otn Aoon

y(t) = e POU[{Q(t)e P dt + K]

No emtAv0ovv o1 TapaKaToO YPOUUIKES dlapoptkés eElomaels 1M tééng (Le otabepovg cuVTEAESTES):

dy
o) —+2tyv=0
(o) " y

®) ‘gwy 0

dy
2 4+3y=6
() AR

Mo ™ Aon kdBe e&icmong, va vroloyiotel n otabepd C av y(0) = 3.

Adon

(o) d—}t,-i— 2ty=0< c:l—i]=—2tyc>—= “2tdt < J- _[(—2t).dt+ K; ©lhy=-t*+K; <
y

2+ Kl Kle_tz — Ke—tz

Syt)=e
y(0)=Ke’=3 = K=3

(B) Me napdpoto tpdmo (6meg Topamdve) tpokimtet y(t) = et Kl = e KigPt = K™t
y(0)=K.e’=3 = K=3

(y) EmAéyetan Avom g popong y(t) = u(t)e_3t Kol €loayeton otn opopikn e&iocwon (v
omoio tpémetl va ikavomolel). [Tpoxvmter u(t) = 2¢7t + K ondte y(t) =y(t) = Ke3t+2
y(0)=Ke’+2=3 = K=1
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7.3. I'poppikéc drapopikéig eEromoeig 2" 1aing pe 610.0gpovg ovvTeELEGTES

Ouoyeveic dtnpopikéc eEiomosic 2" taénc (ne otafepovc GLVTEAECTEC)

[Ma v enilvon g (opoyevovg) eEicmong g Lopenc y’’ + ay’+ py = 0, akorlovBeiton n €€ng

dradkacio:

v IymuotiCeton ko smdveton ) (SsvtepoPaOa) aiyefpuchy eéicowon A2 + ak + p = 0. H
eElomon avtn (Tov Aéyeton yopakTnproTiki] e§icmon) £xel 2 AVoEIS TG LOPPNG

_a+vA . —a-+A

2 T2

v H popon tov Acenv Ailr (TPayUoTikéc SopopeTIKES, TPOYHOTIKEG ioeg, Hryadikéc)
kaBopilel Ko T Avom ¢ dapopikng e&icmonc.

Al A2 omov A = a* — 4p 1 Sraxpivovca g e€icoong.

Noa emAvBovv o1 TapakdTo YPOUHKES O10popIkéc eElomoelg 2™ TaENG

(o) y’ =3y +2y=0

(B) y’ -4y +4y=0

(v) y’+4y +8y=0

IMa ™ AMon kabe e&icmong, va vrorloyiotovv ot atabepés olokAnpwong av y(0) =0 ko y’(0) = 1.

Adon
() 2=50+6=0 = M =3, =2 = yt)=Ke+Kpe"
y(0)=K;+K=0
y(t) = 3K’ + 2Kae? = y'(0)=3K; +2Ko =1
Ipoxonter C; =1, Co =—1
B) P-4 +4=0 = M=h=2 = y(t)=(K;+Kat)e*
y(0)=K; =0
Apay(t) =Kate? = y'(t) = Kae® + 2Kate? = y’(0)=Ko=1
() P+24+5=0 = M=—-1+2i,u=-1-2i =
= y(t) = KieT 2+ K120t = DM, cos(2t) + Masin(2t)]
y(0) = e’ [M;cos(0) + Masin(0)] = D1 = 0
Apo y(t) = e ' Masin(2t) = y’(t) =—e ' Masin(2t) + ¢ Ma2cos(2t) = y’(0)=2My =1

= Mzzl—
2
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Mn opovyeveic dtapopikec eElomoelc 2™ taénc (ue otofepoc GVVTEAECTEC)

2V TEePInTOON QVTY, ETAVETAL 1] avTioTOlN 0poYEVIS e€icwon (Owg avalvdnke mapamdvo)
Kot 6T A00N Yopoy(t) (TNG opoyevolc) mov mpokvmTel TPoctifeton et onodnmote (PEPLK)
AOOM Ypep,apy(t) ™S opyikng e€lcwong. H Aon avt kabopiletan amd ) popen g Q(t) (tov
un opoyevovg o0pov). Ia mopdaderypa, av Q(t) = q (yvoot| otabepd) kot m Adon mov Oa
npootedel eivan pia otabepd (mov Bo vroloyiotel oty mopeia).

y(t) = YOuoy(t) + stp,apx(t)

Noa emAvdei o1 mapaxdato (Un opoyevig) Yok opopikn e€icwon 2" taéng
Yy’ =3y +2y=6

Avc

H azr{csrmxn opoyevig e&lowon y’ — 3y’ + 2 = 0 éyet Aoom (BA. mponyoduevo mapaderypLo)
Yopoy(t) = Kle3t + K262t

Q¢ peptkn Ao ™G apPYIKNG EMALYETOL LIOL GCLVAPTNOT TNS LOPPNG Yuep,apx(t) = q. Elcdyovtog
™ AOON Yuep,apy(t) = q otV apyikn e€lowon, mpokdnter 2q =6 = q = 3. Apa

Y(t) = Yopoy() + Yuep,apx(t) = Kie’' + Kaoe? + 3
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8. Awvoopatiki) avdivon (Bacika otovyeia) 16

8.1. Baowoi opropoi kan drhyefpa dravoopdtov

Oplopoc VLG LLOTOC

‘Eva puéyebog V yapoakmnpiletor og «d1avoospatiké» otav yio tov kafopiopd tov, eKTo¢ amd 10 HETPO
TOV 0AAG Tpémel va Tpocdtopiletan kot 1 katehOvven Tov (d1ehBvvon Kot popad).

[Moapadeiypata davvcpatikdv peyedmv etvar n tayvnto, 1 emrdyvvon, n obvaun, n €viacn Tov
NAEKTPIKOD TEGTOV KATL.

‘Eva d1dvoopo V avtimpooonedetol amd TG GVUVIGTMGES TOV GE KATO0 GUGTNUO GUVIETAYUEVEOV
(xopteciavd, GOAPIKO KAT.).

V=Vix+Vy+Viz=Vir+ Ve + Voo

M
yz(VX5V}’7VZ)=(VI‘9V99V(P)

H avédivon tov dovucpatov oe coviotwoes (Vx , Vy, V2) 1 (Vr, Vg, Vi) khm. dievkoldver Tig
TPAEELS KO TOVG VITOAOYIGHLOVG,.

To pétpo [V|] tov Stavicparog opiletar wg

V= V2 +V, 24V, 2 = [V, 2+ V2 +V,2

21eped yovia
H oteped yovia Q (o¢ stereorad 1} srad) opiletar péow g oxéong

S
r2

Q= (o€ srad)

Omov S TUNUO. CPAIPIKNG emeAavewng oktivag r. [Ipogavmdg, n pEyotn T ™G o1epeds Yoviog
TPOKVTTEL OTAV SO YPAPETOL OAOKANPT 1] CPOALPIKT] EMPAVELD Kol OEGOUEVOL OTL OVTH 160VTOL PE Son
= 4112, | péyro oteped yovio 16o0ToL pe

16 Y10 kelpevo mov axolovdei, ol SravvepoTikég TosdTTES eppoviloviar vroypaumopéveg (m.y. 1, A, Pay),

T0 péTpo TV dovucpdtov eupavitetor ympic vroypapon (m.y. 1, A, Pa) eved ta povadwaio Stovocuota
epopaviCovron évrova (bold) pe dumdn voypdapuon (m.y. X, ¥, Z, I, 0, ©).
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Sy _ 4mr® _ -

2 2
T r

Qmax =
H otoyeimong oteped yovia divetor amd t oyéon
40 = dS

r2

(o€ srad) & dS =12.dQ

2O01PIKO GUGTNLLO CUVIETOYUEVOV

MoAovott 10 €uplOTEPA  YPNCILOTOIOVUEVO GUGTNUN GUVIETAYUEVAOV Evol TO  «KOPTEGLEVO)
(ovvtetaypuéveg X, y, Z — povodtoio dStvOGHOTa X, ¥V, Z), TNV 0VIADOT| TV KEPULDYV, YPNCLLOTOLEITOL
(MOY® ™G YempEeTplog TOV OYETIKOV TPOPANUATOV) TO 6QUIPLKO GUOTNUO GUVTETOYUEVOV (£0TM Kot
av 1M kepaio stvor ypappky pe kotedBovon ovykekpipévo Gova, my. tov 0z)!. To oaipiké
oVoTNUO TPOPAETEL G GVVTETAYUEVES (YioL TNV TTEPLYpAPN TOV TVuYaiov onueiov X) v andotaom r
and €va kevipikd onpeio O, ) yovia 0 wg Tpog v katakdpveo (0z) kot ™ yovia @, TG TPoPOANG
Tov X, g mpog tov agovo Ox (PA. kol oynuo apécms mopokatm). Ta aviictoryo povadiraio
Sravospata eivar ta r, 8, @ to omoio eivor opBoydVIa petatd Tovg's.

7" Y76 v évvora 61t o1 ta dtavdopata Tov niektpopoyvntikod mediov (E, H) ekppalovton pe T oQoipikég

toug cvviotaoes (Er, Eo, Eq, Hr, Ho, H).

3 H opBoyoviotTnta TV povadioiov Siavucpdtov eival yapokTnpioTikd 6AMV ToV YPNGLLOTOI0VUEVMDV

GULGTNUATOV GUVTIETOYUEVOV (KOPTEGLOVOD, KUAIVOPIKOV, CRUIPIKOD KAT.), TPOKEWEVOL VO dIELKOADVOVTAL 0L
wpaelg petald dvuoUATOV.
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H yeopetpia tov c@optkoh GUGTHLATOS POIVETAL GTO GO TTOL AKOAOLOEL:

dS = (r.d0).(r.sin0.dg) = r’sin6.d0.d¢

ide = (r.sin0).dp

0 TToLs1dd1c 6QaIpIKn
emeavera

(«xapmvrlopévo» opboymdvio

TOPUAANAGYPOLLLLO

v
<

~ ~<

p=rsin® i

o e = (rsind).do

1

1

<1
~

1

INoa 116 Tpetg ovvtetayuéveg (r, 0, @) TpoPfAémovtot Ta TAPUKAT® SIUGTAHOTO TILOV:

0<6<m  (amd tov BeTiKd péEYPL TOV apyNTIKO NEEOVa «Z»)
0<9<2n (mA\png meploTpo| 6To 0p1LOVTIO EMINEDO)

Otav e suvéptnon E(1,0,p) ohokANp®OVETAL £ GPALPIKNG EMPAVELNG, TOTE 1GYVEL OTL
dS =1%sin0.d0.de

Av 1 dtepyacio OAOKAP®ONG KAADTTEL OAOKAN PN TNV ETPAVELD TNG CPOIPOC TOTE
0<0<m Ko 0<p<2n

OTOTE TO OVTIGTOLYO OAOKAN PO ACUPAVEL T LOPON

T 271:
[ 2.0,0).d8 = Jo" Jo " 2(r.0,0).12sin6.d6.do

Otav 1 ovvdptnon E(1,0,0) sivar ave&aptn g yoviag ¢ (E(r,0,0) = E(r,0) — tepintoon mov
OTTOVTATOL GUYVA OTIG YPOUUUIKES KEPALES) | OAOKANPWOT MG TPOGS @, ETTL TNG GLVOMKNG ETPAVELOG
™G GPAIPOC, «TOPAYEL OTAMG VOV CUVTEAESTT 160 UE 27.

2 2
J20).ds =" [0 " 2r,0).25in0.d0.d0 = Jo " Lo (r,0).1%sin6.d6].do = 27.Jo" =(r,0).sin6.d6
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ABpotcua Kot 010.popa dL0VLCULATOV

To @Bpowopo kar 1 dww@opa oVo dSwvvopatwv V kot W elvar to davoopatikd peyédn mov
opilovtar wg

V+W=(Vx+ WX + (Vy+ Wyy + (Vz+ Wp)z= (Vi + Wpr + (Vo + Wp)8 + (Vo + Wo)@
V-W=Vx= W)X+ (Vy= Wy + (V.= Wz)z= (Vi = Wpr + (Vo — Wp)8 + (Vo — Wo)@

W V+W

\% V-w

Ecwtepikd yivOUEVO SLOVLGUATOV

To e6@TEPIKO Yrvopevo dvo davuopdtov V kot W eivol 1o BaOpoto péyeboc mov opileton g
VeW = |V].[W|.cosa

omov | V|, [W| ta pérpo twv §vo Stavoopdrov kot “a” n peta&d Toug yovia.

%wﬁ

v

> V1IW < VeW=0
Amodeién: Av o= 90° = cosa = 0 omote VoW = 0.

> WeV=V.W
Anooeiln: WeV =|W|.|V|.cos(—a) = [V].|W|.cosa = Ve W

> VoW = V,Wy + VyWy + V,W, = V,W; + VeWy + VW,
Amodeicn: VoW = (Vxx + Vyy + V,z)o(Wix + Wyy + Wyz) = Vi Wixex + VxWyxey + ...

=VxWx + VyWy + V,W,
(6mov ypnoponoteitar  ophoymvidTnTa TOV HOVASII®Y SOVUCUATOV — T.Y. XeX = 1
Xey =0)

Opoimg Kot Y10 To oQapIKO GUGTNO GUVTETUYUEVOV.

> |V[=yyev =\/VX2+VY2+V22 :\/Vr2 + Vo2 + V2

Aréderén: VoV = ViVx + VyVy + V,V, = V2 + V2 + V.2 = |V
Opoimg Kot Y10 To cQaPIKO GUGTNO GUVTETUYUEVOV.
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Eéwtepukd yivouevo drovuoudtov

To e£mTePKo yrvopevo 600 dwvuoudtov V kot W eivorl 1o dtavoospatikd péyebog mov opiletar wg
VxW = n.|V|.|W|.sina

6mov n to povadiaio didvucpo TPog TV KatevBuvon mov givor kaBetn Kot ota dvo davdcuata, |V|
kot [W| 1o pétpa tov Vo davooudtov kot “o” n petagd toug yovia (n onoio Bempeitor 0Tt £xet
katevbuvon amod o V tpog to W).

Vxw

W
N @ v

=

v

Mmnopet vo amoderyBet 6Tt

X Y z r 0 0]
yxw = VX Vy VZ = VI‘ Ve V(P
WX Wy WZ WI‘ WG W(p

» VI/IW < VxW=0
Amooeiln: Eneion V. // W, eivar a = 0° = sino = 0 omote VW =0
THopiouo: VxV =0

> WKV =-VxW
Andoeiln: WxV = n|W|.|V|].sin(—a) = n|V|.|W|.(-sina) = -VxW

To VxW avtimpocmnedet 10 gufaddv tov TapaAinAoypaupov mov xel TAELPEG Ta dtovocpata V Kot
W. Emonpaivetor 11 1o gppadov Bempeiton dStavoopatikd péyebog pe korevbovon auti Tov kdbeTov
(otnVv emeavela) SovOGHATOG (YEYOVOS TOV GUVADEL LE TOV OPIOUO TOV EEMTEPIKOV YIVOUEVOD).
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A&ilel va onuewmbel 011, 6T0 Yv®STO YempeTpikd Tomo E = B.u (Yo o epPadov maparinroypdppon
ue Baon P kot Vyog v) to E dev givar timote dALo amd 10 PHETPO TOL EMTEPIKOD YIVOUEVOD TNG LLOG
mhevpdc et v 6AA (E = B.v = [V].|[W[sina = [VxW] ).

1
1
W v =|W|sina /
% ]
1

/

p=1V|

TpowmrAd (M pektd) yivouevo dovucsudtmv

To Tpurho (M pewktd) yvopevo opileTon mg

UX Uy UZ Ur Ue U(P
U (VW) = |y, vy, V., |7 |V Vo oV
WX Wy WZ Wr WG W(p

> Veo(VxW) = (VxW)V =0
Anodeién: To VxW egivan kdBeto oto V, dpa 10 ecmtepikd toug yvouevo givar 0. EvaAloaktikd, n
W0t propel va mpokHyel Kot omd tov THmo pe v opilovoa (mov Ba £xetl 600 101eg oelpég Ko
ovvenmg Ba pundevileTon)

> Us(VxV)=(VxV)-U=0
Anooerln: To VxV gtvor 0 (1010tta Tov e€mTeptkov yivopévov) kdbeto oto V. Evoriaxtikd, n
W0t propel va mpokHyel Kot omd tov THmo pe v opilovoa (mov Ba £xetl 600 101eg oelpég Ko
ouvendg B pundevileton)

> WxV=-VxW
Anodeiln: WxV = n|W|.|V|].sin(—a) = n|V|.|W|.(-sina) = -VxW

TOPOAANAETITESOL TOL SynuotiCeTan amd Ta dtavoopota U, V kol W.
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0. IMBavotyTeS (Paowka otoryein)

Awakprtéc toyoiec petaPAntéc

H évvola g toyxaiog petapintig (ev mpokeléve g otakprtig Tuyoiog HETaPANTNC) uropsel
Vo YIVEL KOTOVOTTH LLE YPNON TOL TAPOKAT® TOPASEYLATOC:

‘Eoto 611 po 14En 6movdacstdv Topovsiase To TOPaKAT® amoteAéouata, Katd v e&étaon

evoc pobnuoTog:
BaOpog X AprOpog IHocoo1o MBavétnTa
(mOavég Tipég OTOLOUCTMOV omovdacT®V | AqYNG Pabuov Bi
Bi) pe Babpo Bi ue Babpo Bi P(X=pi) = Pi
10 20 5% 0,05
9 20 15% 0,15
8 0 0% 0,00
7 0 0% 0,00
6 0 0% 0,00
5 60 30% 0,30
4 0 0% 0,00
3 0 0% 0,00
2 60 30% 0,30
1 40 20% 0,20
0 0 0% 0,00
XYNOAO 200 100% 1,00

210V avOTEP® TIVOKe LTOPOVV VO OPLGTOVV:

» H toyaio petapinty X: Eivar  petafint) X mov «ovtimpoosoneveyy 1 Pabpoioyio tov

onovdaoct®V Kot 1 omoie Aopfaver Tég Pi and 1 éwg 10, kdbe pio pe to mocootd (N,

oodvvapa, tnv Thoavotnta Pi) mov paiverol otov mivaka.
» H ocvvaptnon mokvéotntog mOavétntog f(X): Eivar  cuvédpmmon f(X) tng omoiog n Ty

f(Bi) eivan (€& opiopov) n mBavétra Pi = P(X=Bi) kdmoloc omovdactig va £xet Pabud Pi
(EVOALOKTIKA TO TOGOGTO T®V GTOLOAST®V TToL £xovv Babud Bi). H ypaewkn mapdotaon g

ocuvaptnong f(X) dtveton oto oynpa mov akolovei.

035 p;

0,30

0,25

0,20

0,15

0,10

0,05

0,00 | 0 1

Bi
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> H péon ( avapevéopevy) Tyun p () E(X) 11 <X>): Eivor n péon Pabuoroyio g tééng Kot
TPOKVTTEL G EENG:
T (10620 + 9420 + 0 + 0 + 560 + 0 + 0 + 260 + 1+40) / 200 =
(20/200) «10 + (20/200)«9 + (60/200)s5 + (60/200)+2 + (40/200)e1 =
(0,1)e10 + (0,1) 9 + (0,3)e5 + (0,3)s2 + (0,2)e1 =
=  p =2Pi.pi=4,20

» H tvmu amékion o: Eivor n «uéon omdotaon» tov otopikov Babuov and ™ péon

BaBuoroyia p = 4,20 kot ovclaoTIKA TPOocsolopilel to Pabud «opotoyévelog» g TaENG ¢

TPOG TIG EMOOCELS TNG OTO VITOYN LAON L.

o> = (0,1)s(10-4,20)* + (0,1)s(9-4,20)* + (0,3)e(5-4,20)* + (0,3)s(2—4,20)> +
(0,2)s(1-4,20)*

— o%=2Pi.(Bi-p)? = 9,36
= o =4/9,36=3,06

Ievikd 1oyver 6T

u=EX)=<X>= ZPiBi

G = {ZPi-(Bi—M)Z}I/zz {<(X—M)2>}1/2

Emonpaiveron 611, moAAEG Qopéc, avti Yo TNV TLmIKN amdkAon “c”, vroAoyiletol T0 TETPAY®OVO
e “c2”. TIpopavac

0 = ZPi.(Bi-p)? = <(X—p)>>

Yuveyeic Tuyaiec petofAntéc

M cuveyng toyaio petafinm X AapPavetr tipég péco amd doactnuato ™ Hopengs (a, b) (otig
MEPUITAOGELS TOV EVOLAPEPOVY, TO Oldotnuo avtd eival, ovvinbwg, 10 (—0,00)). Emedn ta
dloTNHaTo oVTa glvar cuveyn, apa TepAapfavouy anepo mANnBog oV, n Thoavotnta n X vo
AaPet o cvykekpuévn Ty x gival, mpoeavag 0. T 1o Adyo avtdv, T0 pOTNUA «TOLd 1|
mBavotnto P(X=X) ;» givor Gvev TpakTikng onpaciog, avtifeta £xel vVONUM TO EPOTNIO «TOH M
mBavotnto n Toyaio petafint) X va AdPet Tiég amod to amelpootd ddotnua (X, x+dx);» dniadn
«motd N T s P(x<X<x+dx);».

(Bepntikd) va AaPel omotadnmote Tiun 6to dtdotnuo (-00,00). H mbavotnta o B0pvPog va Adfet
po cvykekpévn tun (my. 2 V) eivan 0. Ioyvet omradn ot P(n(t)=2V) = 0. Avtibeta, vrdpyet
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kdmola mbavotnto o B0pvPog n(t) va AdPet TYEG amd to oTorEIDdES ddotnua (2 V éwg 2,00..1
V), ondte mpémnet vo vroroytotel | T e P(2 V < n(t) < 2,00..1 V)

Mo v mpaypotonoinon TV TOPATOvVE® LTOAOYIGU®V, OpileTal 1 GUVAPTNGY TVKVOTNTOS
mOavétntag f(x), pe Pdon 11§ TopaKAT® GYECELS:

P(x < X<x+dx) =f(x).dx = Pla<X<p)= J[a’/;] f(x).dx
[Ipopavag,

P(—0 < X <o0) =, ). dx = 1
Q¢ YpopiKn TaPAGTACT, 1| EKAGTOTE TN TNG GLVAPTN GG TVKVOTNTAS MOavéeTnTOS (.. I TN
f(p)) moapéyer pa évoeln oyetikd pe to péyebog g mBovOTNTOG (OYETIKG UEYAAN 1 GYETIKA
puepn) N toyodo petafint) X vo AaPet Tipég yup® amd To amEPOSTO SIUCTNHO YOP® amd TNV TN
X=p.

Metd and to mopamdve, N péon T B Kol M TUAKN amOKAoN 6 NG (ouveyovg) tuyoiog
petafintg X opifovror wg e&Ng:

n=EX)=<X>= [x.f(x).dx

6= \/I (x -2 fx)dx = /< (X-)? >

ATO TNV TOPATAV®D GYEGCT, TPOKVATEL OTL TO TETPAYMVO G> TNG TUMIKNG OmdKMoNG (Tov TOAAEG
(POPEG YPNOLUOTOLEITON AVTL Yo TV 1010 TNV TLTTIKY] ATOKALOT) diveTol od TOV TOTO

o =J(x-uyf).dx = <(X-p)?>
2HYKPIoT TOV TAPATAVEO TOTOV LE TOVS AVTIGTOTYOVS Y1 TIG O0KPLITES TUYaieS LETAPANTEG OelyveL
ot ) mocotrta Pi mov epgaviCeton yo Tig terevtaieg £yl «ovtikataotadel» (dnwg avopevotay)

and v wocotnra f(x).dx.

Av 1 (ovveync) tuyaio petafAnt) X avVTITPOCOTEVEL TIG EKAGTOTE TIREG M evOg onpotog m(t),
tote f(x) — f(m) onodTE

w=E(m) = <m(t)> = Jm.f(m).dm

0= |f (m-w?fm)dm= < (m-p)? >

6 =J(m-2.f(m).dm = <(m-uy>>
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> To v péon tiun kot v TOTIKY amdKAeN €VOG oNHatog m(t) UTopovV Vo, YPNGLULOTom 000V
K0l Ol TUTTOL

<m(t)>=p= %JT m(t).dt

o= < (m(©-w? > = [ Jm-p)>a]"?

o2 = <(m(t)-p)>> = %J Am(O)-p)2dt

Qotoc0, €mewdn ot mopomdve TOmol Tpodmobiétovv TV Vmopln  akpipovg yPovVIKNG
ovvaptnons m(t) yio 1o vId PEAETN GO, UTOPOVV VO EPAPLOGTOVV HOVO Y10 GITIOKPATIKG
onpoto. Avtifeta Yo otoyasTIKG onpata (.. yio to 80pvfo) ta omoia, amd T VN TOLG,
dev €yovv eMAKPIPADOC TPOGIOPIGUEVT KVULOTOUOPPY] KOl OVGLUOTIKAE TpocdtopilovTat omd
ocuvaptnon mokvotntog mhavottog f(m), xpNo1omolovvTal ol GYEGES TOV EUTAEKOVLY TNV
mokvotto mbovotntag f(m).

» Xeg Kk@Oe mepimtwon, yw €vo OTOKPOTIKO onuo m(t), ot mocotntec f(m).dm wou

?sm(ppdgouv (ko ot Vo) Vv mBavoétTa, To oo m(t) va Exel Tiun and m(t) = m €wg

m(t+dt) = m+dm.

Koatovouéc mbovotntoc — 1 KOVOVIKN KOTOVOUN

Yuvnbwg, yio o toyaio petapintn, n ovvaptnon mukvotntag mhavotnrog f(x) eivor yvoory,
omoTe Aéyetal OTL lvol YvOOTN N KATAVORT] OAVOTNTOS TNG LIOYN UETOPANTHG OTO ST
TIUOV NG (€0 TO (—00, 0)).

Y MOAEC amd TIG TNAEMIKOW®MVIOKEG €QOPUOYEC, Ol Tuyoieg petaPAntég akolovBovv tnv

KOvoviKi] Katavopr] mhovotntog (| katavopun Gauss). H xotavoun ovt €xst ocvvéptnon
TukvoTNToS ThAvOTNTOS TOV diveTal amd ToV TOTO

fx) = — -
qv2mn

OTOV T, q YVOGTEG TOPAUETPOL.
Mmropei va amoderydet 0Tt
n=Jx.f(x).dx =r

o’ = J(x—u)z.f(x).dx =q?
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Anhodn, ot (YVOOTEG) TAPAUETPOL I KoL q TapEovv (amevbeiag) T HECT) TIUN | KOL TNV TUTIKNY
ATOKALOT 6 TNG KOVOVIKNG Katavounc. ['a 1o Adyo avtdv, ) f(X) yio v Kovoviky KoTovoun
YpageTaL 6T popen

f(x) = — e OH20e?
o+ 2n

Ao TV omoio TPOKVTTOVV amevdeiog, TOG0 N HEST TN | OGO Kol 1] TUTIKY ATOKALCY ©.
Ao ) peré g f(x) (PAéme kot ypapikn mopdotacn) TPoKOTTOVY To €5NG GUUTEPAGLLOTOL
» H f(x) peyotonoteiton yio x=p. H péyiom tyun eivon

1

oV 21

finax = f(1) =

» X amOoTao 6 amd T HECT) T 1oYVEL OTL:
1
f(G) - - .671/2 _ fmax 671/2
oV2m
» Me ypnon Tvak®v 0LOKANP®ONG, TPOKVTTEL OTL

P(p—o <x <pt+o) =68%
P(u—20 <x < p+20)=97%
P(u—30c <x < p+30) =99%

f(x) 1

O 66pvPoc mc ToPAdETY LD TVYOLNC LETABANTNC LE KOVOVIKT KOTOVOLLN

O 06pvPog n(t) elvar Toyaio petafintn mov akolovdel TV Kavoviky Katovoun pe péon Ty p=0
KO TUTTIKN AtOKALo™ 6 Yo TV omoia (Adyw Tov 6Tt u=0) oyvet OtTL:

o’ =<n’(t)>=P

o6mov P 1 péon oy0g tov BopHov.

O¢tovtog pu =0, otn oyéon f(x) = —— o (27202

, TPOKVTTEL OTL:
oV2m
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1 —n%/262
sTon XS
P(-o <n<o)=68%
P(-26 <n<20) = 97%
P(-36 <n<30) = 99%

f(n) =

f(n)

_ 1 P(-6 <n<o)=68%
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